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A KAM THEOREM FOR THE HAMILTONIAN WITH FINITE ZERO NORMAL
FREQUENCIES AND ITS APPLICATIONS
YUAN WU AND XIAOPING YUAN
Abstract. In this paper, we investigate the existence of KAM tori for an infinite dimensional
Hamiltonian system with finite number of zero normal frequencies. By constructing a constant
quantity we show that, for “most” frequencies in the sense of Lebesgue measure, either if the
quantity is zero, there is a KAM tori or if the quantity is not zero, there is no KAM tori in some
domain. As application, we show that the nonlinear Schro¨dinger equation with a zero frequency
possesses many quasi-periodic solutions.
1. Introduction and the main results
Kuksin [20] andWayne [29] initiated the study of the existence of lower (finite) dimensional invariant
tori for nearly integrable Hamiltonian systems of infinite dimension (Also see in Po¨schel [28]). More
exactly, consider a Hamiltonian function
H = 〈ω, y〉+
∑
j∈Z
Ωjzj z¯j + εR(x, y, z, z¯),(1.1)
where (x, y, z, z¯) ∈ Tn×Rn×H×H and H is some Hilbert space. We also endow the Hamiltonian H
with a symplectic structure dy ∧ dx+ idz¯ ∧ dz =
n∑
j≥1
dyj ∧ dxj + i
∑
j∈Z
dz¯j ∧ dzj .
Clearly, when ε = 0, T n0 = Tn × {y = 0} × {z = 0} × {z¯ = 0} is a n-dimensional invariant torus
with rotational frequency ω for the Hamiltonian system defined by H . When ε is sufficiently small,
assuming that
〈k, ω〉 6= 0, k ∈ Zn \ {0},(1.2)
〈k, ω〉 ± Ωj 6= 0, k ∈ Zn, j ∈ Z,(1.3)
〈k, ω〉 ± Ωi ± Ωj 6= 0, k ∈ Zn, i, j ∈ Z,(1.4)
Melnikov [25, 26], Eliasson [14], Kuksin [20, 21], Wayne [29] and Po¨schel [27] proved that for “most”
(in the sense of Lebesgue measure) of the parameters ω, the invariant torus T n0 can be preserved
undergoing a small perturbation εR(x, y, z, z¯). Now the conditions (1.3) are called the first Melnikov’s
conditions, while (1.4) are called the second Melnikov’s conditions. Actually, in Kuksin’s famous
monograph [21], he has concluded that only in the non-degenerate cases non-zero frequencies (Ωj 6= 0,
for ∀j ∈ Z) and simple frequencies (Ωi 6= Ωj , for ∀i 6= j and i, j ∈ Z), many n-dimensional invariant
tori do exist. More precisely, in (1.3), letting k = 0, we get Ωi 6= 0; and in (1.4), letting k = 0, we get
Ωi 6= Ωj when i 6= j, i.e. the multiplicity of Ωj is 1 (Ω#j = 1). Therefore, Kuksin [21] writes
In the degenerate case
c). 0 ∈ M or µj = µk for some j 6= k, no preservation theorem for the tori T n,m(p), formulated in
terms of the unperturbed equation (8) with ε = 0 only, is known yet.
Here, the notation M = {µ1, ..., µ2m}, the notation µj is Ωj and the notation T n,m(p) is T n0 in
our paper. Actually, there are two problems: Problem 1 is whether or not one can construct a KAM
theorem for the multiplicity Ω♯j > 1; Problem 2 is whether or not one can construct a KAM theorem
for some Ωj = 0.
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At present time, Problem 1 has been deeply investigated when the perturbation is bounded. Bour-
gain [8, 9, 11, 12] developed Craig and Wayne’s method [13] in studying the degenerate case Ωj = Ωk
for some j 6= k, and successfully in [10] proved that there are many lower dimensional invariant tori
(quasi-periodic solutions) for nonlinear Schro¨dinger equations and nonlinear wave equations. We also
mention the work of Eliasson-Kuksin [16] where it is proved that there are linearly stable KAM tori for
the higher spatial dimensional nonlinear Schro¨dinger equation by the classical KAM method. There
are a lot of subsequent works in this line. We do not list them here.
However, for Problem 2, there have been fewer results. In this paper, we will make attempt. In
order to state our theorem, we need some preparations.
We first give some notations. For a fixed b, pick a set
J = {j1 < j2 < ... < jb} ⊆ N+
with
N+ = {1, 2, ...}.
Note
z∗ = (z0, z), z¯
∗ = (z¯0, z¯),
where
z0 = (zjm )jm∈J , z = (zj)j∈N+\J ,
and
z¯0 = (z¯jm )jm∈J , z¯ = (z¯j)j∈N+\J .
Consider a Hamiltonian
H(x, y, z∗, z¯∗, ξ) = N(y, z∗, z¯∗, ξ) +R(x, y, z∗, z¯∗, ξ),(1.5)
which is defined on a phase space
(x, y, z∗, z¯∗) ∈ Pa,p = Tn × Cn × la,p × la,p.
Here Tn is the usual n−torus and la,p is the Hilbert space of all complex sequences v∗ = (v0, v) for
any v0 = (vjm )jm∈J , v = (vj)j∈N+\J with
‖v∗‖2a,p =
∑
jm∈J
|vjm |2j2pm e2ajm +
∑
j∈N+\J
|vj |2j2pe2aj <∞.
Let N(y, z∗, z¯∗, ξ) be an integrable Hamiltonian which depends on parameters ξ ∈ Π, Π a positive
measure parameter set in Rn, and is of the form
N(y, z∗, z¯∗, ξ) = N(y, z0, z¯0, z, z¯, ξ)
= 〈ω(ξ), y〉+ 〈Ω0(ξ)z0, z¯0〉+ 〈Ω(ξ)z, z¯〉
( noting (Ω0z0)m = Ωjmzjm , jm ∈ J and (Ωz)j = Ωjzj , j ∈ N+ \ J )
= 〈ω(ξ), y〉+
∑
jm∈J
Ωjm (ξ)zjm z¯jm +
∑
j∈N+\J
Ωj(ξ)zj z¯j
( letting Ωjm = 0 for any jm ∈ J ),
where
ω(ξ) = (ω1(ξ), ..., ωn(ξ))
is called the tangential frequency and
Ω∗(ξ) = Ω∗(ξ) = (Ω0(ξ),Ω(ξ)) = (Ωj1(ξ), ...,Ωjb (ξ), ...,Ωj(ξ), ...)
is called the normal frequency.
We assume that H is smooth sufficiently. When R = 0, T n0 = Tn × {y = 0} × {z∗ = 0} × {z¯∗ = 0}
is a n-dimensional invariant torus with frequency ω(ξ) for the Hamiltonian system defined by H in
(1.5). The aim in this paper is to prove the persistence of a large portion of rotational tori under small
perturbations.
To make this quantitative we introduce complex neighborhoods of T n0
D(s, r, r) = {(x, y, z∗, z¯∗) ∈ Pa,p : |ℑx| ≤ s, |y| ≤ r2, ‖z∗‖a,p + ‖z¯∗‖a,p ≤ r}
3where | · | is the sup-norm for complex vectors and without abusing the notation, for k ∈ Zn, we denote
|k| =
∑
1≤j≤n
|kj |.
We also denote
|v|2 =
√ ∑
1≤j≤n
|vj |2, v ∈ Cn.
If A is a matrix of finite order, define
||A|| = sup
|v|2 6=0
|Av|2
|v|2 , v ∈ C
n,
where the operator norm is reduce by | · |2.
Let β = (..., βjm , ..., βj , ...)jm∈J ,j∈N+\J and γ = (..., γjm , ..., γj , ...)jm∈J ,j∈N+\J , βjm , βj ∈ N and
γjm , γj ∈ N with finitely many nonzero components of positive integers. The product {z∗}β{z¯∗}γ =∏
jm∈J
z
βjm
0m z¯
γjm
0m
∏
j∈N+\J
z
βj
j z¯
γj
j .
To state the main results, let
F (x, y, z∗, z¯∗, ξ) =
∑
β,γ∈NN
F βγ(x, y, ξ){z∗}β{z¯∗}γ ,
where F βγ(x, y, ξ) =
∑
α∈Nn,k∈Zn
Fˆαβγ(k, ξ)ei〈k,x〉yα is analytic in parameter ξ ∈ Π in the sense of
Whitney. Define the weight norm of F by
‖ F ‖D(s,r,r),Π= sup
‖z∗‖a,p+‖z¯∗‖a,p≤r
∑
β,γ
‖F βγ‖|z∗|β |z¯∗|γ ,
where 〈, ., 〉 is the standard inner product and ‖F βγ‖ is short for
‖F βγ‖ =
∑
α∈Nn,k∈Zn
|F̂αβγ(k, ξ)|Πr2αe|k|s,
and
|Fˆαβγ(k, ξ)|Π = sup
ξ∈Π
max
0≤|ι|≤1
(∣∣∣∣∣∂ιF̂αβγ(k, ξ)∂ξι
∣∣∣∣∣
)
,
with |k| = ∑
1≤b≤n
|kb|.
In the normal direction of the Hamiltonian vector field, we define
XF = (Fy,−Fx, iFz¯∗ ,−iFz∗),
by
‖XF ‖D(s,r,r),Π = ‖Fy‖D(s,r,r),Π + 1
r2
‖Fx‖D(s,r,r),Π
+
1
r
 ∑
jm∈J
‖Fz¯jm ‖2D(s,r,r)j2pm e2ajm ,Π +
∑
j∈N+\J
‖Fz¯j‖2D(s,r,r),Πj2pe2aj
 12
+
1
r
 ∑
jm∈J
‖Fzjm ‖2D(s,r,r)j2pm e2ajm ,Π +
∑
j∈N+\J
‖Fzj‖2D(s,r,r),Πj2pe2aj
 12 .
Now, we have the following theorem:
Theorem 1.1. Consider a perturbation of the integrable Hamiltonian
H(x, y, z∗, z¯∗, ξ) = N(y, z∗, z¯∗, ξ) +R(x, y, z∗, z¯∗, ξ)(1.6)
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defined on the domain D(s, r, r)× Π, where
N(y, z∗, z¯∗, ξ) = 〈ω(ξ), y〉+ 〈Ω0(ξ)z0, z¯0〉+ 〈Ω(ξ)z, z¯〉, Ω0 = 0
is a family of parameter dependent integrable Hamiltonian and
R(x, y, z∗, z¯∗, ξ) =
∑
k∈Zn,α∈Nn,β,γ∈NN
R̂αβγ(k, ξ)ei〈k,x〉yα{z∗}β{z¯∗}γ
is the perturbation. Suppose the tangential frequencies and the normal frequencies satisfy the following
assumptions:
(A): Nondegeneracy. The map ξ →֒ ω(ξ) is a lipeomorphism between Π and its image, that is,
a homeomorphism which is Lipschitz continuous in both directions. Moreover, for all integer vectors
(k, l) ∈ Zn × Z∞ with 1 ≤ |l| ≤ 2,
| {ξ : 〈k, ω(ξ)〉+ 〈l,Ω(ξ)〉 = 0} |= 0,(1.7)
and
〈l,Ω(ξ)〉 6= 0 on Π,(1.8)
where | · | denotes Lebesgue measure for sets, |l| =∑j |lj | for integer vectors, and 〈·〉 is the usual scalar
product.
(B): Spectral Asymptotics. There exists d ≥ 1 and δ < d− 1 such that
Ωj(ξ) = j
d + ...+O(jδ), j ∈ N+ \ J ;(1.9)
where the dots stands for fixed lower order terms in j, allowing also negative exponents. More precisely,
there exists a fixed,parameter-independent sequence Ω with Ω = jd + ... such that the tails Ω˜ = Ω− Ω
give rise to a Lipschitz map
Ω˜ : Π→ l−δ∞ ,
where lp∞ is the space of all real sequences with finite norm |v|p = max
{
sup
jm∈J
|vjm |jpm, sup
j∈N+\J
|vj |jp
}
.
(C): Regularity. The perturbation R is real analytic in the space coordinates and Lipschitz in the
parameters, and for each ξ ∈ Π its Hamiltonian vector field XR = (Ry ,−Rx, iRz¯∗ ,−iRz∗)T defines
near T n0 a real analytic map
XR : Pa,p → Pa,p¯,
{
p¯ ≥ p for d > 1,
p¯ > p for d = 1.
We may assume that p− p¯ ≤ δ < d− 1 by increasing δ, if necessary. And we may also assume that
|ω|Π + |Ω|−δ,Π ≤ M <∞, |ω|−1ω(Π) ≤ L <∞,
and for d = 1, we have a κ > 0 and a constant a ≥ 1 such that∣∣∣∣Ωi − Ωji− j − 1
∣∣∣∣ ≤ ajκ , i 6= j ∈ N+ \ J .
The perturbation R(x, y, z∗, z¯∗, ξ) also satisfies the small assumption:
ε = ‖XR‖D(s,r,r),Π ≤ cγ,
where γ ∈ (0, 1] is another parameter, and c depends on n, s, r. Then there exists a subset Πγ ⊂ Π
with the estimate
MeasΠγ ≥ (MeasΠ)(1−O(γ)).
For each ξ ∈ Πγ , there is a symplectic map
Φ : D(
7
16
s, 0, 0)× Πγ → D(s, r, r)×Π,
such that H is conjugated to
H˘ = N˘(y, z∗, z¯∗, ξ) + R˘(x, y, z∗, z¯∗, ξ),
5where
N˘(y, z∗, z¯∗, ξ) = N˘x(ξ) + 〈ω˘(ξ), y〉+ 〈Ω˘(ξ)z, z¯〉+ 〈N˘z0(ξ), z0〉+ 〈N˘ z¯0(ξ), z¯0〉
+〈N˘z0z0(ξ)z0, z0〉+ 〈N˘z0z¯0(ξ)z0, z¯0〉+ 〈N˘ z¯0z¯0(ξ)z¯0, z¯0〉,
and
R˘(x, y, z∗, z¯∗, ξ) =
∑
k∈Zn,α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
̂˘Rαβγ(k, ξ)ei〈k,x〉yα{z∗}β{z¯∗}γ .
Moreover, the following estimates hold:
(1) for each ξ ∈ Πγ, the symplectic map
Φ : D(
7
16
s, 0, 0)× Πγ → D(s, r, r)×Π,
satisfies:
||Φ− id||D( 7
16
s,0,0),Πγ
⋖ ε,
and
‖DΦ− Id‖D( 7
16
s,0,0),Πγ
⋖ ε;
(2) the frequencies ω˘(ξ) and Ω˘(ξ) satisfy:
|ω˘(ξ)− ω(ξ)|Πγ + |Ω˘(ξ)−Ω(ξ)|−δ,Πγ ⋖ ε;
(3) the perturbation R˘(x, y, z∗, z¯∗, ξ) satisfies:
‖XR˘‖D( 7
16
s,0,0),Πγ
⋖ ε.
Furthermore, if
√
|N˘z0(ξ)|22 + |N˘ z¯0(ξ)|22 := δ0 = 0, then there exist a Cantor set Πγ ⊂ Π, a Lipschitz
continuous family of tori embedding Φ : Tn × Πγ → Pa,p¯, and a Lipschitz continuous map ω∗ : Πγ →
Rn, such that for each ξ in Πγ the map Φ restricted to T
n × {ξ} is a real analytic embedding of a
rotational torus with the frequencies ω∗ for the Hamiltonian system defined by (1.6) at {ξ}.
If
√
|N˘z0 (ξ)|22 + |N˘ z¯0(ξ)|22 = δ0 > 0, then there exist a fixed m which is large enough such that
δ0 > 20ε
7
6
m−1 , a district Ξm = {(x, y, z∗, z¯∗) : |ℑx| ≤ sm, |y| ≤ r2m, ‖z∗‖a,p + ‖z¯∗‖a,p ≤ ε
7
6
m−1},
a Cantor set Πm ⊂ Π, a Lipschitz continuous family of embedding Φm−1 : Ξm × Πm → D0 × Π0
(D0 = D0 and Π0 = Π), and a Lipschitz continuous map ωm : Πm → Rn, such that for each ξ in
Πm, there is no torus in the domain Φ
m−1(Ξm × {ξ}) ⊂ D × Π for the Hamiltonian system defined
by (1.6).
Some remarks and a “ guide to the proof ” of Theorem 1.1.
1.1. The classical KAM theory is also developed to deal with some one dimensional partial differen-
tial equations (PDEs) of unbounded perturbation. See, for example, [1, 3–7, 17, 19, 22, 24, 31] and
references therein. For the degenerate case the sequence {Ωj} is dense at some finite-point, in [30] it is
showed that some shallow water equations such as Benjamin-Bona-Mahony equation and the general-
ized d-dimensional Pochhammer-Chree equation subject to some boundary conditions possess many
(a family of initial values of positive Lebesgue measure of finite dimension) smooth solutions which
are quasi-periodic in time. KAM theory is also applied to many other partial differential equations,
for example, see [15, 18] for the application of KAM theory to beam equation.
1.2. Conditions (1.7)-(1.9) are the same as those in [28] when we only consider non-zero normal
frequencies. See Section 5 in [28] for more details.
1.3. The basic tool for the proof of Theorem 1.1 is the usual Newton type iteration, as often happens
in KAM theory. However, the arguments used in this paper are quite complicated sine zero normal
frequencies come out. Therefore, we give a “ guide to the proof ” of Theorem 1.1 for the readers’
convenience:
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1.3.1. The linearized equation (Section 2).
This is the heart of the proof. The idea consists in a quadratic-convergent iterative procedure apt
to reduce at each step of the scheme, which is done in order to beat the divergence introduced by
small divisors arising in the inversion of non-elliptic differential operators. In this paper, since there
are finite zero normal frequencies, The main difficulties we encounter are
〈k, ω(ξ)〉 ± Ωjm = 0, 1 ≤ m ≤ b,(1.10)
and
〈k, ω(ξ)〉 ± Ωjm ± Ωjn = 0, 1 ≤ m,n ≤ b,(1.11)
when k = 0.
To overcome these difficulties, a basic idea for this article is that we preserve the terms related to
(1.10) and (1.11).
Let
R = Rx(ξ) + 〈Ry(x, ξ), y〉+ 〈Rz0z(x, ξ)z0, z〉+ 〈Rz0z¯(x, ξ)z0, z¯〉
+〈Rz¯0z(x, ξ)z¯0, z〉+ 〈Rz¯0z¯(x, ξ)z¯0, z¯〉+ 〈Rz(x, ξ), z〉+ 〈Rz¯(x, ξ), z¯〉
+〈Rzz(x, ξ)z, z〉+ 〈Rzz¯(x, ξ)z, z¯〉+ 〈Rz¯z¯(x, ξ)z¯, z¯〉
+〈Rz0(x, ξ), z0〉+ 〈Rz¯0(x, ξ), z¯0〉+ 〈Rz0z0(x, ξ)z0, z0〉
+〈Rz0z¯0(x, ξ)z0, z¯0〉+ 〈Rz¯0z¯0(x, ξ)z¯0, z¯0〉.
Thus, the terms we will preserve are R̂z0(0, ξ), R̂z¯0(0, ξ), R̂z0z0(0, ξ), R̂z0z¯0(0, ξ), R̂z¯0z¯0(0, ξ).
Since
H0 = N0 +R0 = 〈ω(ξ), y〉+ 〈Ω00(ξ)z0, z¯0〉+ 〈Ω0(ξ)z, z¯〉, Ω00 = 0,
there exists a real-analytic symplectic transformation Φ0, such that
H0 ◦ Φ0 = (N0 +R0) ◦ Φ0 = N1 +R1 = H1,(1.12)
where the new normal form
N1 = N̂x0 (ξ) +
n∑
j=1
ωj1(ξ)yj +
∑
j∈N+\J
Ωj1(ξ)zj z¯j + 〈N̂z00 (ξ), z0〉(1.13)
+〈N̂ z¯00 (ξ), z¯0〉+ 〈N̂z0z00 (ξ)z0, z0〉+ 〈N̂z0 z¯00 (ξ)z0, z¯0〉+ 〈N̂ z¯0 z¯00 (ξ)z¯0, z¯0〉,
while the new perturbation is of smaller size:
‖XR1‖D(s1,r1,r1),Π1 ⋖ ‖XR0‖
4
3
D(s0,r0,r0),Π0
.
The parameter ξ appearing in (1.13) will vary in small compact set Π1 (of relatively large Lebesgue
measure).
Obviously, after 1-th iteration, we obtain a new normal form N1, which has more terms than the usual
KAM normal form. Thus, our iterative scheme from H1 is non-standard and, from a technical point
of view, represents the most novel part of the proof.
Similarly, for H1 in (1.12), there exists a real-analytic symplectic transformation Φ1, such that
H1 ◦ Φ1 = (N1 +R1) ◦ Φ1 = N2 +R2 = H2,
where the new normal form
N2 =
v−1∑
j=0
N̂xj (ξ) +
n∑
j=1
ωj2(ξ)yj +
∑
j∈N+\J
Ωj2(ξ)zj z¯j + 〈
1∑
j=0
N̂z0j (ξ), z0〉
+〈
1∑
j=0
N̂ z¯0j (ξ), z¯0〉+ 〈
1∑
j=0
N̂z0z0j (ξ)z0, z0〉+ 〈
1∑
j=0
N̂z0 z¯0j (ξ)z0, z¯0〉+ 〈
1∑
j=0
N̂ z¯0 z¯0j (ξ)z¯0, z¯0〉,
while the new perturbation is of smaller size:
‖XR2‖D(s2,r2,r2),Π2 ⋖ ‖XR1‖1+ϑD(s1,r1,r1),Π1 ,
7where ϑ ∈ ( 1
6
, 1
3
) and the parameter ξ will vary in small compact set Π2 (of relatively large Lebesgue
measure).
Since the preserved terms are put into the normal form N1, the homological equations in this iteration
are of the following forms
ω · ∂xF1 +A1F1 + F1B1 = R1,(1.14)
ω · ∂xF2 + A2F2 = R2,(1.15)
ω · ∂xF3 +ΛF3 + F3Λ = R3,(1.16)
where A1, A2, B1 depending only on ξ are not diagonal while Λ is diagonal. (Different from 1−th
iteration with normal form N0, (1.16) is the only homological equations we have to solve.) More nar-
rowly, equation (1.14) is derived from the homological equation of the coefficients F z0z0 , F z0z¯0 , F z¯0z¯0 ,
whose any k-th Fourier coefficient matrixes related to the preserved terms are finite dimension (less
than 4b2 × 4b2). Thus, by introducing Kronecker product and column straightening, the coefficient
equation can be solved provided that its any k -th Fourier coefficient matrixes are non-degenerate and
satisfy some non-resonant conditions. For equations (1.15) and (1.16), they are also solvable as long
as any k -th Fourier coefficient matrixes are non-degenerate and satisfy some non-resonant conditions.
Therefore, once small divisor conditions will be given appropriately (See subsection 2.2 for more small
divisor conditions), any estimates we need can be obtained by some complicated computations and
the KAM machinery still works well.
1.3.2. The iterative lemma (Section 4).
We want to construct, inductively, real-analytic symplectic transformations Φm,m ≥ 0, such that
Hm ◦ Φm = (Nm +Rm) ◦ Φm = Nm+1 +Rm+1 = Hm+1,(1.17)
where the sequences of the new normal form Nm+1
Nm+1 =
m∑
j=0
N̂xj (ξ) +
n∑
j=1
ωjm+1(ξ)yj +
∑
j∈N+\J
Ωjm+1(ξ)zj z¯j + 〈
m∑
j=0
N̂z0j (ξ), z0〉
+〈
m∑
j=0
N̂ z¯0j (ξ), z¯0〉+ 〈
m∑
j=0
N̂z0z0j (ξ)z0, z0〉+ 〈
m∑
j=0
N̂z0 z¯0j (ξ)z0, z¯0〉+ 〈
m∑
j=0
N̂ z¯0 z¯0j (ξ)z¯0, z¯0〉,
while the sequences of perturbations Rm+1 are of smaller and smaller size:
‖XRm+1‖D(sm+1,rm+1,rm+1),Πm+1 ⋖ ‖XRm‖1+ϑD(sm,rm,rm),Πm .
The parameter ξ will vary in smaller and smaller compact sets Πm (of relatively large Lebesgue
measure)
Π0 ⊃ Π1 ⊃ · · ·Πm ⊃ Πm+1 ⊃ · · · ⊃ Π∞ ⊃
∞⋂
m=1
Πm.
The smallness assumption on ‖XR0‖D(s0,r0,r0),Π0 will allow to turn on the iteration procedure.
The symplectic map Φm will be sought of the form
Φm = Φm−1 ◦ Φm = Φ0 ◦ · · · ◦ Φm.
In order to work for the approach, one has to show that
Φm : D(sm+1, rm+1, rm+1)→ D(sm, rm, rm), (∀m ≥ 0),(1.18)
Φm−1 : D(sm, rm, rm)→ D(s0, r0, r0), (∀m ≥ 1).(1.19)
Relations (1.18) and (1.19) are checked in Section 4.
The linearized equation associated to (1.17) is thoroughly discussed in Section 4. This is the place
where small divisors arise. Such divisors have the form
(1) Rkl(m) = {ξ ∈ Πm :| 〈k, ωm(ξ)〉+ 〈l,Ωm(ξ)〉 |< γm〈l〉d|k|τ ,Km−1 < |k| ≤ Km, (k, l) ∈ Z},
(2) R1k(m) = {ξ ∈ Πm :| |i〈k, ωm(ξ)〉I3b2 −B1m(ξ)|d |< γ1m|k|τ1 , 0 < |k| ≤ Km},
where τ1 = 3b
2τ, γ1m = γm/m
18b4 , L1 = 3b
2 × 4b2(diamΠm)n−1,
8 YUAN WU AND XIAOPING YUAN
(3) R3k(m) = {ξ ∈ Πm :| |i(〈k, ωm(ξ)〉 ± Ωjm)I4b2 +B3m(ξ)|d |< γ3m|k|τ3 , |k| ≤ Km},
where τ3 = 4b
2τ, γ3m = γm/m
32b4 , L3 = 4b
2 × 5b2(diamΠ1)n−1,
(4) R4k(m) = {ξ ∈ Πm :| |i〈k, ωm(ξ)〉I2b2 +B4m(ξ)|d |< γ4m|k|τ4 , 0 < |k| ≤ Km},
where τ4 = 2b
2τ, γ4m = γm/m
8b4 , L4 = 2b
2 × 3b2(diamΠ1)n−1,
where | · |d denotes the determinant of a matrix and Km is a suitable Fourier “cut-off” introduced
originally by Arnold [2].
1.3.3. Convergence of the KAM scheme and proof of theorem 1.1( Section 5 and Section 6 ).
Once the iterative step is set up, it has to be equipped with estimates. This technique part fol-
lows the corresponding part in [28]. Particularly, the key results of theorem 1.1 concerning the new
Hamiltonian H˘ and the measure of Π∞ follow easily. From the fast convergence of Nm to
N˘ = N˘x(ξ) + 〈ω˘(ξ), y〉+ 〈Ω˘(ξ)z, z¯〉+ 〈N˘z0(ξ), z0〉+ 〈N˘ z¯0(ξ), z¯0〉
+〈N˘z0z0(ξ)z0, z0〉+ 〈N˘z0 z¯0(ξ)z0, z¯0〉+ 〈N˘ z¯0z¯0(ξ)z¯0, z¯0〉+ R˘(x, y, z∗, z¯∗, ξ),
it follows that when N˘z0(ξ) = ~0 and N˘ z¯0(ξ) = ~0, Φ(T n0 × {ξ}) is an invariant torus of H ; when
N˘z0(ξ) 6= ~0 or N˘ z¯0(ξ) 6= ~0, that is,
√
|N˘z0 (ξ)|22 + |N˘ z¯0(ξ)|22 = δ0 > 0. Since lim
m→∞
Ĵz0m (ξ) = N˘
z0(ξ) and
lim
m→∞
Ĵ z¯0m (ξ) = N˘
z¯0(ξ), there exists a fixed m0 such that for any m > m0,√
|Jz0m (ξ)|22 + |J z¯0m (ξ)|22 ≥
δ0
2
.(1.20)
More exactly, we will choose sufficiently large m such that
δ0 > 20ε
7
6
m−1.(1.21)
Consider the Hamiltonian equation defined byHm = Nm+Rm and fixed an initial value ‖z∗(0)‖a,p+
‖z¯∗(0)‖a,p ≤ ε
7
6
m−1. By making use of (1.20), (1.21) and some ordinary differential equation tools, we
have
‖z∗(1)‖a,p + ‖z¯∗(1)‖a,p > ε
7
6
m−1.
That is, there exists no torus in the domain Φm−1(Ξm × {ξ}) for the Hamiltonian H in (1.5) when
we denote Ξm = {(x, y, z∗, z¯∗) : |ℑx| ≤ sm, |y| ≤ r2m, ‖z∗‖a,p + ‖z¯∗‖a,p ≤ ε
7
6
m−1}. Theorem 1.1, at this
point, is completely proven.
1.4. Application to nonlinear Schro¨dinger equation (NLS) (Section 7).
Consider a specific nonlinear Schro¨dinger equation
(1.22) iut − uxx + |u|2u = 0
on the finite x-interval [0, 2π] with periodic boundary conditions
u(t, x) = u(t, x+ 2π) = 0, u(x, t) = u(−x, t).
When applying this abstract theorem to PDEs, one meets two difficulties: (1) to study its structure
of Hamiltonian in order to extract dynamical information; (2) to verify N˘z0(ξ) = ~0 and N˘ z¯0(ξ) = ~0
or not.
Concerning (1), in the context of the NLS of (1.22), we obtain a Hamiltonian with one zero normal
frequency and other frequencies satisfying non-resonant conditions. Thus, the KAM machinery works
well. Concerning (2), we find that R̂z0m (0, ξ) = 0 and R̂
z¯0
m (0, ξ) = 0 in any m−th iteration. Therefore,
we have N˘z0(ξ) = 0 and N˘ z¯0(ξ) = 0, that is, there still exist many invariant tori of quasi-periodic
oscillations in a sufficiently small neighborhood of the origin for the Schro¨dinger equation of (1.22).
Detailed, quantitative results are collected in Section 7.
92. The linearized equation
Assume that all the assumptions of Theorem 1.1 are satisfied. Set r0 = r, s0 = s, γ0 = γ, ε0 = ε,
and H0 = H . Recall that the Hamiltonian
H0 = H0(x, y, z
∗, z¯∗, ξ) = N0(y, z
∗, z¯∗, ξ) +R0(x, y, z
∗, z¯∗, ξ),(2.1)
where
N0(y, z
∗, z¯∗, ξ) = 〈ω(ξ), y〉+ 〈Ω00(ξ)z0, z¯0〉+ 〈Ω0(ξ)z, z¯〉(2.2)
=
∑
1≤j≤n
ωj0yj +
∑
jm∈J
Ωm00zjm z¯jm +
∑
j∈N+\J
Ωj0zj z¯j
(by noting zjm = z0m for convenience)
=
∑
1≤j≤n
ωj0yj +
∑
1≤m≤b
Ωm00z0mz¯0m +
∑
j∈N+\J
Ωj0zj z¯j ,
with Ωm00 = 0, 1 ≤ m ≤ b and 0 < ...Ωi0 < ... < Ωj0 < ...→ +∞ for i < j ∈ N+ \ J .
Denote R0(x, y, z
∗, z¯∗, ξ) = Rlow0 (x, y, z
∗, z¯∗, ξ) +Rhigh0 (x, y, z
∗, z¯∗, ξ). Then we have
Rlow0 =
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≤2
Rαβγ0 (x, ξ)y
α{z∗}β{z¯∗}γ ,(2.3)
Rhigh0 =
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
Rαβγ0 (x, ξ)y
α{z∗}β{z¯∗}γ .(2.4)
We desire to eliminate the terms Rlow0 by the coordinate transformation Φ0, which is obtained as the
time-1-map XtF0 |t=1 of a Hamiltonian vector field XF0 , where F0(x, y, z∗, z¯∗, ξ) is of the form
F0(x, y, z
∗, z¯∗, ξ) = F low0 (x, y, z
∗, z¯∗, ξ)
=
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≤2
Fαβγ0 (x, ξ)y
α{z∗}β{z¯∗}γ .
Using Taylor formula, we have
H1 = H0 ◦XtF0 |t=1(2.5)
= N0 + {N0, F0}+
∫ 1
0
(1− t){{N0, F0}, F0} ◦XtF0dt
+Rlow0 +
∫ 1
0
{Rlow0 , F0} ◦XtF0dt+Rhigh0 ◦XtF0 |t=1 .
Then we obtain the modified homological equation
N0 + {N0, F0}+Rlow0 = N1,(2.6)
where
N1 = N0 + N̂0(2.7)
= N0 + R̂x0 (0, ξ) + 〈R̂y0(0, ξ), y〉+ 〈R̂z00 (0, ξ), z0〉+ 〈R̂z¯00 (0, ξ), z¯0〉+ 〈R̂z0z00 (0, ξ)z0, z0〉
+〈R̂z0z¯00 (0, ξ)z0, z¯0〉+ 〈R̂z¯0z¯00 (0, ξ)z¯0, z¯0〉+
∑
j∈N+\J
̂
R
zj z¯j
0 (0, ξ)zj z¯j ,
and
R1 =
∫ 1
0
(1− t){{N0, F0}+Rlow0 , F0} ◦XtF0dt+Rhigh0 ◦XtF0 |t=1 .(2.8)
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For convenience, for any j ≥ 0, we also note
N̂xj (ξ) = R̂
x
j (0, ξ),
N̂yj (ξ) = R̂
y
j (0, ξ),
N̂z0j (ξ) = R̂
z0
j (0, ξ),
N̂ z¯0j (ξ) = R̂
z¯0
j (0, ξ),
and
N̂z0z0j (ξ) = R̂
z0z0
j (0, ξ),
N̂z0 z¯0j (ξ) = R̂
z0z¯0
j (0, ξ),
N̂ z¯0 z¯0j (ξ) = R̂
z¯0z¯0
j (0, ξ),
N̂zk z¯kj (ξ) = R̂
zk z¯k
j (0, ξ),
where k ∈ N+ \ J for the last term.
2.1. The solution of homological equation (2.6). Following Kuksin and Po¨schel’s notations in
[23], we have
Lemma 2.1. Consider a perturbation of the integrable Hamiltonian
H0 = H0(x, y, z
∗, z¯∗, ξ) = N0(y, z
∗, z¯∗, ξ) +R0(x, y, z
∗, z¯∗, ξ),
where
N0(y, z
∗, z¯∗, ξ) =
∑
1≤j≤n
ωj0(ξ)yj +
∑
1≤m≤b
Ωm00z0mz¯0m +
∑
j∈N+\J
Ωj0(ξ)zj z¯j(2.9)
is a parameter dependent integrable Hamiltonian and
R0(x, y, z
∗, z¯∗, ξ) = Rlow0 (x, y, z
∗, z¯∗, ξ) +Rhigh0 (x, y, z
∗, z¯∗, ξ).
Suppose assumption (A) and (B) are fulfilled for ω0(ξ) and Ω0(ξ),
‖XRlow
0
‖D(s0,r0,r0),Π0 ≤ ‖XR0‖D(s0,r0,r0),Π0 ,(2.10)
and
‖X
R
high
0
‖D(s0,r0,r0),Π0 ≤ 1,(2.11)
for some 0 < s0, r0 ≤ 1. For some fixed constant τ > n+ 1, let
Rkl(0) = {ξ ∈ Π0 : |〈k, ω0(ξ)〉+ 〈l,Ω0(ξ)〉| < γ0〈l〉d
1 + |k|τ , |k| > K0, (k, l) ∈ Z},(2.12)
where 〈l〉d = max(1, |
∑
jdlj |),Z = {(k, l)|(k, l) 6= 0, |l| ≤ 2} ⊂ Zn × Z∞, and let
Π1 = Π0 \
⋃
|k|>K0,(k,l)∈Z
Rkl(0),(2.13)
where K0 will be given later. Then for each ξ ∈ Π1, the homological equation has a solution F0(x, y, z∗, z¯∗, ξ)
with the estimates
‖XF0‖D(s0−σ0,r0,r0),Π1 ⋖
Bσ0
γ0
‖XR0‖D(s0,r0,r0),Π0 ,
‖X
N̂0
‖D(s0,r0,r0),Π1 ⋖ ‖XR0‖D(s0,r0,r0),Π0 ,
(2.14)
where 0 < σ0 = s0/40 ≤ 14 , Bσ0 =
∑
k(1 + |k|)2(1 + |k|τ )4e−2|k|σ0 , t = 2τ + n + 2 and a ⋖ b means
there exists a constant c > 0 depending on n and τ such that a ≤ cb. Moreover, let
γ1 =
3
4
γ0,M1 =
3
2
M0, s1 = s0 − 5σ0, r1 = η0r0, η30 = ε0γ0σt0
,Kτ+10 =
1
γ0
, ε1 =
ε
4
3
0
(γ0σt0)
1
3
,
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then the new Hamiltonian H1(x, y, z, z¯, ξ) has the form
H1(x, y, z
∗, z¯∗, ξ) = N1(y, z
∗, z¯∗, ξ) +R1(x, y, z
∗, z¯∗, ξ),
where
N1 = N̂x0 (ξ) +
n∑
j=1
ωj1(ξ)yj +
∑
j∈N+\J
Ωj1(ξ)zj z¯j + 〈N̂z00 (ξ), z0〉
+〈N̂ z¯00 (ξ), z¯0〉+ 〈N̂z0z00 (ξ)z0, z0〉+ 〈N̂z0 z¯00 (ξ)z0, z¯0〉+ 〈N̂ z¯0 z¯00 (ξ)z¯0, z¯0〉,
with
ωj1(ξ) = ω
j
0(ξ) + N̂
yj
0 (ξ), 1 ≤ j ≤ n,
Ωj1(ξ) = Ω
j
0(ξ) +
̂
N
zj z¯j
0 (ξ), j ∈ N+ \ J ,
(2.15)
and
R1(x, y, z
∗, z¯∗, ξ) =
∫ 1
0
{(1− t)N̂0 + tRlow0 , F0} ◦XtF0dt+Rhigh0 ◦XtF0 |t=1,
with the following estimates holds:
(a) for each ξ ∈ Π1, the symplectic map Φ0 = XtF0 |t=1 satisfies:
‖Φ0 − id‖r0,D(s0−3σ0,r0,r0/4),Π1 ⋖ ‖XF0‖r0,D(s0−σ0,r0,r0),Π0 ,
‖DΦ0 − Id‖r0,r0,D(s0−4σ0,r0,r0/8),Π1 ⋖
1
σ0
‖XF0‖r0,D(s0−σ0,r0,r0),Π0 ;
(b) the frequencies ω1(ξ) and Ω1(ξ) satisfy:
|ω1(ξ)− ω0(ξ)|Π0 + |Ω1(ξ)− Ω0(ξ)|−δ,Π0 ⋖ ‖XR0‖D(s0,r0,r0),Π0 ;
(c) the perturbation R1(x, y, z
∗, z¯∗, ξ) satisfies:
‖XR1‖D(s1,r1,r1),Π1 ⋖ ε1;(2.16)
(d) the measure of the Π1 of Π0 satisfies:
MeasΠ1 ≥ (MeasΠ0)(1−O(γµ0 )),(2.17)
where µ =
{
1 for d > 1,
κ
κ+1
for d = 1,
with κ > 0.
Proof. These results can be seen clearly in [23]. 
Thus we have
H1 = H1(x, y, z
∗, z¯∗, ξ) = N1(y, z
∗, z¯∗, ξ) +R1(x, y, z
∗, z¯∗, ξ),
and
R1(x, y, z
∗, z¯∗, ξ) = Rlow1 (x, y, z
∗, z¯∗, ξ) + T1(x, y, z
∗, z¯∗, ξ) +Rhigh1 (x, y, z
∗, z¯∗, ξ),
where Rlow1 (x, y, z
∗, z¯∗, ξ) denotes the truncation of R1(x, y, z
∗, z¯∗, ξ) given by
Rlow1 (x, y, z
∗, z¯∗, ξ) =
∑
|k|≤K1,α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≤2
R̂αβγ1 (k, ξ)y
α{z∗}β{z¯∗}γei〈k,x〉,
T1(x, y, z
∗, z¯∗, ξ) =
∑
|k|>K1,α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≤2
R̂αβγ1 (k, ξ)y
α{z∗}β{z¯∗}γei〈k,x〉,
Rhigh1 (x, y, z
∗, z¯∗, ξ) =
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
R̂αβγ1 (k, ξ)y
α{z∗}β{z¯∗}γei〈k,x〉.
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Then the estimate of T1’s norm writes
‖T1‖D(s1−σ,r1,r1),Π1 ≤
∑
α∈Nn,β,γ∈NN,|k|>K1,
‖z∗‖a,p+‖z¯
∗‖a,p≤r1
|̂Rαβγ1 (k, ξ)|Π1r2α|z∗|β |z¯∗|γe|k|(s1−σ)(2.18)
≤ ‖R1‖D(s1,r1,r1),Π1
∑
l>K1
4nln−1e−lσ
⋖ Kn1 e
−K1σ‖R1‖D(s1,r1,r1),Π1 ,
where K1 determines later.
We desire to eliminate the term Rlow1 by the coordinate transformation Φ1 which is obtained as
the time-1-map XtF1 |t=1 of a Hamiltonian vector field XF1 , then we have
H2 = H1 ◦XtF1 |t=1
= N1 + {N1, F1}+
∫ 1
0
(1− t){{N1, F1}, F1} ◦XtF1dt
+Rlow1 +
∫ 1
0
{Rlow1 , F1} ◦XtF1dt+ (T1 +Rhigh1 ) ◦XtF1 |t=1
= N2 +R2 + {N1, F1}+Rlow1 − N̂1
= N2 +R2,(2.19)
where
N2 = N1 + N̂1(2.20)
=
1∑
j=0
N̂xj (ξ) + 〈ω2, y〉+
∑
j∈N+\J
Ωj2zj z¯j + 〈
1∑
j=0
N̂z0j (ξ), z0〉+ 〈
1∑
j=0
N̂ z¯0j (ξ), z¯0〉
+〈
1∑
j=0
N̂z0z0j (ξ)z0, z0〉+ 〈
1∑
j=0
N̂z0z¯0j (ξ)z0, z¯0〉+ 〈
1∑
j=0
N̂ z¯0 z¯0j (ξ)z¯0, z¯0〉,
and
R2 =
∫ 1
0
{(1− t){N1, F1}+ tRlow1 , F1} ◦XtF1dt+ (P1 +Rhigh1 ) ◦XtF1 |t=1 .(2.21)
Similarly, we can obtain the homological equation
(2.22) {N1, F1}+Rlow1 = N2 −N1.
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Let ∂ω = ω · ∂x. Then the homological equation (2.22) decomposes into
∂ω1F
z0iz0j
1 + i
∑
l
(
N̂
z0i z¯0l
0 (ξ)F
z0lz0j
1 + F̂
z0jz0l
1 N
z¯0lz0i
0 (ξ)
)
(2.23)
−i
∑
l
(
N̂
z0iz0l
0 (ξ)F
z0j z¯0l
1 +
̂
F
z0j z¯0l
1 N
z0lz0i
0 (ξ)
)
= R
z0iz0j
1 , 1 ≤ i, j ≤ b;
∂ω1F
z0iz¯0j
1 + 2i
∑
l
(
N̂ z¯0i z¯0l0 (ξ)F
z0lz0j
1 + F̂
z0jz0l
1 N
z¯0l z¯0i
0 (ξ)
)
(2.24)
−i
∑
l
(
N̂z0i z¯0l0 (ξ)F
z0lz¯0j
1 − N̂z0i z¯0l0 (ξ)F z0lz¯0j1
)
−2i
∑
l
(
N̂z0iz0l0 (ξ)F
z¯0lz¯0j
1 +
̂
F
z¯0j z¯0l
1 N
z0lz0i
0 (ξ)
)
= R
z0iz¯0j
1 , 1 ≤ i, j ≤ b;
∂ω1F
z¯0iz¯0j
1 − i
∑
l
(
N̂z0i z¯0l0 (ξ)F
z¯0lz¯0j
1 +
̂
F
z¯0lz¯0j
1 N
z0l z¯0i
0 (ξ)
)
(2.25)
+i
∑
l
(
N̂ z¯0i z¯0l0 (ξ)F
z0j z¯0l
1 +
̂
F
z0j z¯0l
1 N
z¯0l z¯0i
0 (ξ)
)
= R
z¯0iz¯0j
1 , 1 ≤ i, j ≤ b;
(
∂ω1 + iΩ
j
1
)
F
z0izj
1 + i
∑
l
N̂
z0i z¯0l
0 (ξ)F
z0lzj
1(2.26)
−2i
∑
l
N̂z0iz0l0 (ξ)F
z¯0lzj
1 = R
z0izj
1 , 1 ≤ i ≤ b, j ∈ N+ \ J ;(
∂ω1 − iΩj1
)
F
z0iz¯j
1 − i
∑
l
N̂z0i z¯0l0 (ξ)F
z0lz¯j
1(2.27)
−2i
∑
l
N̂
z0iz0l
0 (ξ)F
z¯0lz¯j
1 = R
z0iz¯j
1 , 1 ≤ i ≤ b, j ∈ N+ \ J ;(
∂ω1 + iΩ
j
1
)
F
z¯0izj
1 + i
∑
l
N̂z0lz¯0i0 (ξ)F
z¯0lzj
1(2.28)
+2i
∑
l
N̂ z¯0i z¯0l0 (ξ)F
z0lzj
1 = R
z¯0izj
1 , 1 ≤ i ≤ b, j ∈ N+ \ J ;(
∂ω1 − iΩj1
)
F
z¯0iz¯j
1 − i
∑
l
N̂z0lz¯0i0 (ξ)F
z¯0lz¯j
1(2.29)
+2i
∑
l
N̂ z¯0i z¯0l0 (ξ)F
z0lz¯j
1 = R
z¯0iz¯j
1 , 1 ≤ i ≤ b, j ∈ N+ \ J ;
∂ω1F
z0i
1 + i
∑
l
N̂
z0i z¯0l
0 (ξ)F
z0l
1 − 2i
∑
l
N̂
z0iz0l
0 (ξ)F
z¯0l
1(2.30)
= Rz0i1 + i
∑
l
(
N̂
z0l
0 (ξ)F
z¯0lz0j
1 − N̂ z¯0l0 (ξ)F
z0lz0j
1
)
, 1 ≤ i ≤ b;
∂ω1F
z¯0i
1 − i
∑
l
N̂z0lz¯0i0 (ξ)F
z¯0l
1 + 2i
∑
l
N̂ z¯0iz¯0l0 (ξ)F
z0l
1(2.31)
= Rz¯0i1 + i
∑
l
(
N̂z0l0 (ξ)F
z¯0lz¯0j
1 − N̂ z¯0l0 (ξ)F z0lz¯0j1
)
, 1 ≤ i ≤ b;
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∂ω1F
zizj
1 + i(Ω
i
1 + Ω
j
1)F
zizj
1 = R
zizj
1 , i, j ∈ N+ \ J ;(2.32)
∂ω1F
ziz¯j
1 + i(Ω
i
1 − Ωj1)F ziz¯j1 = Rziz¯j1 − δiĵNziz¯j1 (ξ), i, j ∈ N+ \ J ;(2.33)
∂ω1F
z¯iz¯j
1 − i(Ωi1 + Ωj1)F
z¯iz¯j
1 = R
z¯iz¯j
1 , i, j ∈ N+ \ J ;(2.34)
and
(∂ω1 + iΩ
j
1)F
zj
1 = R
zj
1 + i
∑
l
(
N̂z0l0 (ξ)F
z¯0lzj
1 − N̂ z¯0l0 (ξ)F z0lzj1
)
, j ∈ N+ \ J ;(2.35)
(∂ω1 − iΩj1)F z¯j1 = Rz¯j1 + i
∑
l
(
N̂z0l0 (ξ)F
z¯0lz¯j
1 − N̂ z¯0l0 (ξ)F z0lz¯j1
)
, j ∈ N+ \ J ;(2.36)
∂ω1F
y
1 = R
y
1 − N̂y1 (ξ);(2.37)
∂ω1F
x
1 = R
x
1 − N̂x1 (ξ) + i
∑
l
(
N̂
z0l
0 (ξ)F
z¯0l
1 − N̂ z¯00 (ξ)F z01
)
.(2.38)
In the following we will divide the homological equation (2.22) into four types. Before estimating the
homological equation (2.22) accurately, one firstly introduce Kronecker Product of matrices.
Definition 2.2. Let A = (aij) ∈ Cm×n and B = (bij) ∈ Cp×q. Then the following partial matrix
A⊗B =

a11B a12B · · · a1nB
a21B a22B · · · a2nB
...
...
...
am1B am2B · · · amnB
 ∈ Cmp×nq
is called Kronecker product.
Definition 2.3. Let A = (aij) ∈ Cm×n and note ai = (a1i, a2i, · · · , ami)T (i = 1, 2, · · · , n). Denote
vec(A) =

a1
a2
...
an
 .
Then vec(A) is called column straightening of A.
Lemma 2.4. Let A ∈ Cm×n, B ∈ Cn×p and C ∈ Cp×q. Then
vec(ABC) = (CT ⊗A)vec(B).
Lemma 2.5. Let A ∈ Cm×m, B ∈ Cn×n and X ∈ Cm×n. Then
(1)vec(AX) = (In ⊗ A)vec(X);
(2)vec(XB) = (BT ⊗ Im)vec(X);
(3)vec(AX +XB) = (In ⊗ A+BT ⊗ Im)vec(X).
Now we come back to divide the homological equation (2.22).
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Type (†1). The corresponding coefficient equation of F z0z01 , F z0z¯01 and F z¯0z¯01 .
Then they become into

∂ω1F
z0z0
1 + i
(
N̂z0 z¯00 (ξ)F
z0z0
1 + F
z0z0
1 N̂
z0z¯0
0 (ξ)
)
− i
(
N̂z0z00 (ξ)F
z0z¯0
1 + F
z0z¯0
1 N̂
z0z0
0 (ξ)
)
= Rz0z01 ,
∂ω1F
z0z¯0
1 + 2i
(
N̂ z¯0z¯00 (ξ)F
z0z0
1 + F
z0z0
1 N̂
z¯0 z¯0
0 (ξ)
)
− i
(
N̂z0 z¯00 (ξ)F
z¯0z¯0
1 − F z¯0z¯01 N̂ z¯0z¯00 (ξ)
)
+ 2i
(
N̂z0z00 (ξ)F
z0z¯0
1 + F
z¯0z¯0
1 N̂
z¯0 z¯0
0 (ξ)
)
= Rz0z¯01 ,
∂ω1F
z¯0z¯0
1 − i
(
N̂z0 z¯00 (ξ)F
z¯0z¯0
1 + F
z¯0z¯0
1 N̂
z0z¯0
0 (ξ)
)
+ i
(
N̂ z¯0 z¯00 (ξ)F
z0z¯0
1 + F
z0z¯0
1 N̂
z¯0z¯0
0 (ξ)
)
= Rz¯0z¯01 .
It follows that
∂ω1vec(F
z0z0
1 ) + i(Ib ⊗ N̂z0z¯00 (ξ) + N̂z0z¯00 (ξ)⊗ Ib)vec(F z0z01 )
− i(Ib ⊗ N̂z0z00 (ξ) + N̂z0z00 (ξ)⊗ Ib)vec(F z0z¯01 ) = vec(Rz0z01 ),
∂ω1vec(F
z0z¯0
1 ) + 2i(Ib ⊗ N̂ z¯0z¯00 (ξ) + N̂ z¯0 z¯00 (ξ)⊗ Ib)vec(F z0z01 )
− i(Ib ⊗ N̂z0z¯00 (ξ)− N̂z0z¯00 (ξ)⊗ Ib)vec(F z¯0 z¯01 )
+ 2i(Ib ⊗ N̂z0z00 (ξ) + N̂ z¯0 z¯00 (ξ)⊗ Ib)vec(F z0z¯01 ) = vec(Rz0z¯01 ),
∂ω1vec(F
z¯0z¯0
1 )− i(Ib ⊗ N̂z0z¯00 (ξ) + N̂z0z¯00 (ξ)⊗ Ib)vec(F z¯0 z¯01 )
+ i(Ib ⊗ N̂ z¯0z¯00 (ξ) + N̂ z¯0z¯00 (ξ)⊗ Ib)vec(F z0z¯01 ) = vec(Rz¯0z¯01 ).
and rewrite the equation
A
vec(F z0z01 )vec(F z0z¯01 )
vec(F z¯0 z¯01 )
 =
vec(Rz0z01 )vec(Rz0z¯01 )
vec(Rz¯0z¯01 )
 ,(2.39)
where the operator
A =
∂ω1 + i(A1 + A2) −i(A1 + A2) 02i(A5 + A6) ∂ω1 − i(A3 − A4) 2i(A1 + A2)
0 i(A5 + A6) ∂ω1 − 2i(A3 + A4)

3b2×3b2
and the corresponding matrix are
A1 = Ib ⊗ N̂z0z00 (ξ),A2 = N̂z0z00 (ξ)⊗ Ib,
A3 = Ib ⊗ N̂z0z¯00 (ξ),A4 = N̂ z¯0z¯00 (ξ)⊗ Ib,
A5 = Ib ⊗ N̂ z¯0z¯00 (ξ),A6 = N̂ z¯0z00 (ξ)⊗ Ib.
Type (†2). The corresponding coefficient equation of F z0zj , F z0z¯j , F z¯0zj and F z¯0z¯j for any j ∈
N+ \ J .
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Then they become into
(
∂ω1 + iΩ
j
1
)
F
z0zj
1 + iN̂
z0z¯0
0 (ξ)F
z0zj
1 − 2iN̂z0z00 (ξ)F
z¯0zj
1 = R
z0zj
1 ,(
∂ω1 − iΩj1
)
F
z0z¯j
1 + iN̂
z0z¯0
0 (ξ)F
z0z¯j
1 − 2iN̂z0z00 (ξ)F
z¯0 z¯j
1 = R
z0z¯j
1 ,(
∂ω1 + iΩ
j
1
)
F
z¯0zj
1 − iN̂z0z¯00 (ξ)F
z¯0zj
1 + 2iN̂
z¯0 z¯0
0 (ξ)F
z0zj
1 = R
z¯0zj
1 ,(
∂ω1 − iΩj1
)
F
z¯0z¯j
1 − iN̂z0z¯00 (ξ)F z¯0z¯j1 + 2iN̂ z¯0 z¯00 (ξ)F z0z¯j1 = Rz¯0z¯j1 ,
and rewrite the equation
B

F
z0zj
1
F
z0z¯j
1
F
z¯0zj
1
F
z¯0z¯j
1
 =

R
z0zj
1
R
z0z¯j
1
R
z¯0zj
1
R
z¯0z¯j
1
 ,(2.40)
where the operator
B = i

N̂z0 z¯00 (ξ) 0 −2N̂z0z00 (ξ) 0
0 N̂z0z¯00 (ξ) 0 −2N̂z0z00 (ξ)
2N̂ z¯0 z¯00 (ξ) 0 −N̂z0z¯00 (ξ)) 0
0 2N̂ z¯0 z¯00 (ξ) 0 −N̂z0 z¯00 (ξ)

4b2×4b2
+

∂ω1 + iΩ
j
1 0 0 0
0 ∂ω1 − iΩj1 0 0
0 0 ∂ω1 + iΩ
j
1 0
0 0 0 ∂ω1 − iΩj1

4b2×4b2
.
Type (†3). The corresponding coefficient equation of F z0 and F z¯0 . Then they become into
C
(
F z01
F z¯01
)
=
(
Rz01
Rz¯01
)
+ i
(
F z¯0z01 N
z0
0 − F z0z01 N z¯00
F z¯0z¯01 N
z0
0 − F z0z¯01 N z¯00
)
,(2.41)
where the operator
C = i
(
N̂z0 z¯00 (ξ) −2N̂z0z00 (ξ)
2N̂ z¯0 z¯00 (ξ) −N̂z0 z¯00 (ξ)
)
2b2×2b2
+
(
∂ω1 0
0 ∂ω1
)
2b2×2b2
.
Type (†4). The corresponding coefficient equation of F zizj , F ziz¯j , F z¯iz¯j for i, j ∈ N+\J and F zj1 , F z¯j1
for j ∈ N+ \ J and F y1 , F x1 . Then they become into
∂ω1F
zizj
1 + i(Ω
i
1 + Ω
j
1)F
zizj
1 = R
zizj
1 ,(2.42)
∂ω1F
ziz¯j
1 + i(Ω
i
1 − Ωj1)F ziz¯j1 = R
ziz¯j
1 − δiĵN
ziz¯j
1 (ξ),(2.43)
∂ω1F
z¯iz¯j
1 − i(Ωi1 + Ωj1)F z¯iz¯j1 = Rz¯iz¯j1 ,(2.44)
(∂ω1 + iΩ
j
1)F
zj
1 = R
zj
1 + i
∑
l
(
N̂z0l0 (ξ)F
z¯0lzj
1 − N̂ z¯0l0 (ξ)F z0lzj1
)
,(2.45)
(∂ω1 − iΩj1)F z¯j1 = Rz¯j1 + i
∑
l
(
N̂z0l0 (ξ)F
z¯0lz¯j
1 − N̂ z¯0l0 (ξ)F z0lz¯j1
)
,(2.46)
∂ω1F
y
1 = R
y
1 − N̂y1 (ξ),(2.47)
∂ω1F
x
1 = R
x
1 − N̂x1 (ξ) + i
∑
l
(
N̂
z0l
0 (ξ)F
z¯0l
1 − N̂ z¯0l0 (ξ)F z0l1
)
.(2.48)
Remark 2.6. Compared to the results given in [23], one can easily see that type (†4) is the standard
equations which are essential in their analysis. In this paper, we have to prove another three type’s
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equations except type (†4). Moreover, to solve the type (†1), type (†2) and type (†3) homological
equations, we must find the inverses of operators A,B and C and calculate the measures newly.
2.2. The solvability of homological equation (2.22). Different from the homological equation
(2.5) who is diagonal and in view of the four types homological equations above, the formal non-
resonant conditions in [23] are not enough for us to obtain a solution of homological equation (2.22).
In order to solve it, we have to introduce some new non-resonant conditions (2),(3) and (4) which are
corresponding to another three type (†2), type (†3) and type (†4) homological equations below.
Denote | · |d the determinant of a matrix, the non-resonant conditions are
(1) Rkl(1) = {ξ ∈ Π1 :| 〈k, ω1(ξ)〉+ 〈l,Ω1(ξ)〉 |< γ1〈l〉d|k|τ ,K0 < |k| ≤ K1, (k, l) ∈ Z},
where K1 = | log ε1|/(s1 − s2);
(2) R1k(1) = {ξ ∈ Π1 :| |i〈k, ω1〉I3b2 −B11(ξ)|d |< γ11|k|τ1 , 0 < |k| ≤ K1},
where τ1 = 3b
2τ, γ11 = γ1, L1 = 3b
2 × 4b2(diamΠ1)n−1 and the 3b2 × 3b2 order matrix B11’s norm
is small enough;
(3) R3k(1) = {ξ ∈ Π1 :| |i(〈k, ω1〉 ± Ωj1)I4b2 +B31(ξ)|d |< γ31|k|τ3 , |k| ≤ K1},
where τ3 = 4b
2τ, γ31 = γ1, L3 = 4b
2 × 5b2(diamΠ1)n−1 and the 4b2 × 4b2 order matrix B31’s norm is
small enough;
(4) R4k(1) = {ξ ∈ Π1 :| |i〈k, ω1〉I2b2 +B41(ξ)|d |< γ41|k|τ4 , 0 < |k| ≤ K1},
where τ4 = 2b
2τ, γ41 = γ1, L4 = 2b
2 × 3b2(diamΠ1)n−1 and the 2b2 × 2b2 order matrix B41’s norm is
small enough.
Let
‖Q‖Π := sup
ξ∈Π
‖Q(ξ)‖,
where ‖ · ‖ is the sup-norm of matrix.
We also note
Π2 = Π1 \
⋃
K0<|k|≤K1,(k,l)∈Z
Rkl(1) \
⋃
0<|k|≤K1,i=1,4
Rik(1) \
⋃
|k|≤K1,i=1,4
R3k(1)(2.49)
and
Di2 = D(s2 +
i
4
(s1 − s2, ), i
4
η1r1,
i
4
η1r1), 0 < i ≤ 4.
Lemma 2.7. If the parameter ξ satisfies the non-resonant conditions, that is ξ ∈ Π2, then the
homological equation (2.22) has a solution F1(x, y, z
∗, z¯∗, ξ) with the estimate
(2.50) ‖XF1‖D3
2
,Π2
⋖ γ−61 K
(10b2+2)τ+10b2
1 (s1 − s2)−n−1ε1.
Proof. Observing that the above four types whose quadrant terms will decide its 1-th terms, we
then solve the homological equation in the following order and divide it into six parts more clear for
convenience.
Part 1. Writing expansions for F1 and R1 and by comparison of coefficients of equation (2.39),
one finds
A11
vec(F̂
z0z0
1 (k, ξ))
vec(F̂ z0z¯01 (k, ξ))
vec(F̂ z¯0z¯01 (k, ξ))
 =
vec(R̂
z0z0
1 (k, ξ))
vec(R̂z0z¯01 (k, ξ))
vec(R̂z¯0z¯01 (k, ξ))
 ,
where
A11(ω1) = i
〈k, ω1〉+ (A1 + A2) −(A1 + A2) 02(A5 + A6) 〈k, ω1〉 − (A3 −A4) 2(A1 + A2)
0 (A5 + A6) 〈k, ω1〉 − 2(A3 + A4)

3b2×3b2
.
We note
〈k, ω1〉I3b2 =
〈k, ω1〉 0 00 〈k, ω1〉 0
0 0 〈k, ω1〉

3b2×3b2
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and
B11(ξ) = i
 (A1 + A2) −(A1 + A2) 02(A5 +A6) −(A3 − A4) 2(A1 + A2)
0 (A5 + A6) −2(A3 + A4)

3b2×3b2
,
then A11(ξ) = i(〈k, ω1〉I3b2 +B11(ξ)).
Let
R1k(1) = {ξ ∈ Π1 :| |i〈k, ω1〉I3b2 −B11(ω−11 )|d |< γ11/|k|τ1 , 0 < |k| ≤ K1},
R˜1k(1) = {ω1 ∈ Π1 :| |i〈k, ω1〉I3b2 −B11(ξ)|d |< γ11/|k|τ1 , 0 < |k| ≤ K1},
for τ1 = 3b
2τ, γ11 = γ1, L1 = 3b
2 × 4b2(diamΠ1)n−1.
From the relation (2.3) and (2.4) of
ω1(ξ) = ω0(ξ) + N̂
y
0 (ξ),
we deduce the inequality
|ω1|Π1 ≤M + 1,
and equality
ω−11 (ξ) = (ω0(ξ) + N̂
y
0 (ξ))
−1.
Hence, taking account of the assumption (A) and the equality
∂ξ(ω
−1
1 (ξ)) = ∂ξ(ω0(ξ)(1 + ω
−1
0 (ξ)N̂
y
0 (ξ)))
= ∂ξω0(ξ)(1 + ω
−1
0 (ξ)N̂
y
0 (ξ)) + ω0(ξ)∂ξ(1 + ω
−1
0 (ξ)N̂
y
0 (ξ))
= ∂ξω0(ξ)(1 + ω
−1
0 (ξ)N̂
y
0 (ξ)) + ω0(ξ)(∂ξω
−1
0 (ξ)N̂
y
0 (ξ) + ∂ξN̂
y
0 (ξ)ω
−1
0 (ξ)),
we obtain
|∂ξ(ω−11 )|ω(Π1) ≤M + 3LMε1,
which means the map ξ 7→ ω1(ξ) is a lipeomorphism between Π1 and its image.
When ω1 ∈ Π1 \ ∪0<|k|≤K1R˜1k(1), since we have assumed
| |A11(ω1)|d |=| Mk(ω1) |> γ11/|k|τ1 ,
it implies A−111 (ω1) exists, and making use of the formula
A−111 (ω1) =
adjA11(ω1)
Mk(ω1) ,
where adjA means the adjoint matrix of A, it is easy to see that there exist two constants c1,c2 such
that
‖ A11(ω1) ‖Π2≤ c1|k|,
‖ A−111 (ω1) ‖Π2≤ c2
|k|3b2−1
γ11/|k|τ1 ≤ c2γ
−1
11 |k|τ1+3b
2−1.
By a direct computation, we can prove that
|dMk(ω1)
d3ω11
| ≥ 1
2
(3b2)!|k1|3b
2
,
where |k1| = max(|k1|, ...|kn|), and
MeasR˜1k(1) ≤ L1(γ
1
3b2
1 /|k|τ ), 0 < |k| ≤ K1.
Then, for the lipeomorphism of ξ 7→ ω1(ξ) in Π1, when ξ ∈ Π1 \ ∪0<|k|≤K1R1k(1), we have
MeasR1k(1) ≤ L1(γ
1
3b2
1 /|k|τ ), 0 < |k| ≤ K1.
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And we also have
‖ ∂ω1A−111 (ω1) ‖Π2 ≤ |∂ω1M−1k (ω1)| ‖ adjA11(ω1) ‖Π2 +|M−1k (ω1)| ‖ ∂ω1adjA11(ω1) ‖Π2
≤ c1 |k|
2τ1+6b
2−1
γ211
+ c2
|k|τ1
γ11
‖ ∂ω1(−|k · ω1|2I3b2 + C11(ω1)) ‖Π2
≤ c1 |k|
2τ1+6b
2−1
γ211
+ c2
|k|τ1
γ11
(|k|3b2−1 + |k|3b2−2 + ...+ |k|+ ε
1
12
1 )
≤ c3 |k|
2τ1+6b
2−1
γ211
,
where adjA11 = −|k · ω1|2I3b2 +C11 and the constant c3.
Thus, one obtains|vec(F̂
z0z0
1 (k, ξ))|
|vec(F̂ z0z¯01 (k, ξ))|
|vec(F̂ z¯0z¯01 (k, ξ))|
 ≤ c2γ−111 |k|3b2τ+3b2−1
|vec(R̂
z0z0
1 (k, ξ))|
|vec(R̂z0z¯01 (k, ξ))|
|vec(R̂z¯0z¯01 (k, ξ))|
 ,
and |vec(F̂
z0z0
1 (k))|Π2
|vec(F̂ z0z¯01 (k))|Π2
|vec(F̂ z¯0z¯01 (k))|Π2
 ≤ c3γ−211 |k|6b2τ+6b2−1
|vec(R̂
z0z0
1 (k))|Π2
|vec(R̂z0z¯01 (k))|Π2
|vec(R̂z¯0z¯01 (k))|Π2
 .
Part 2. Considering the quadratic terms of zi and z¯j for i 6= j ∈ N+ \J and comparing the Fourier
coefficients, (2.42)-(2.44) yield

iF̂
zizj
1 (k, ξ)
i
̂
F
ziz¯j
1 (k, ξ)
i
̂
F
z¯iz¯j
1 (k, ξ)
 =

̂
R
zizj
1
(k,ξ)
〈k,ω1〉+Ω
i
1
+Ω
j
1
̂
R
ziz¯j
1
(k,ξ)
〈k,ω1〉+Ω
i
1
−Ω
j
1
̂
R
z¯iz¯j
1
(k,ξ)
〈k,ω1〉−Ω
i
1
−Ω
j
1
 .
Let |l| = 2. Then for any ξ ∈ Π1 \ ∪K0<|k|≤K1Rlk(1), we have
|F̂ zizj1 (k, ξ)|
|̂F ziz¯j1 (k, ξ)|
|̂F z¯iz¯j1 (k, ξ)|
 ≤ γ−121 |k|τ

|R̂zizj1 (k, ξ)|
|̂Rziz¯j1 (k, ξ)|
|̂Rz¯iz¯j1 (k, ξ)|
 ,
and 
|F̂ zizj1 (k)|Π2
|̂F ziz¯j1 (k)|Π2
|̂F z¯iz¯j1 (k)|Π2
 ≤ γ−221 |k|2τ+1

|R̂zizj1 (k)|Π2
|̂Rziz¯j1 (k)|Π2
|̂Rz¯iz¯j1 (k)|Π2
 .
Part 3. Considering the quadratic terms of z0 and z¯j for j ∈ N+ \ J and comparing the Fourier
coefficients, (2.40) yields
A31

F̂
z0zj
1 (k, ξ)
̂
F
z0z¯j
1 (k, ξ)
̂
F
z¯0zj
1 (k, ξ)
̂
F
z¯0 z¯j
1 (k, ξ)
 =

R̂
z0zj
1 (k, ξ)
̂
R
z0z¯j
1 (k, ξ)
̂
R
z¯0zj
1 (k, ξ)
̂
R
z¯0z¯j
1 (k, ξ)
 ,
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where
A31 = i

〈k, ω1〉+ Ωj1 0 0 0
0 〈k, ω1〉 −Ωj1 0 0
0 0 〈k, ω1〉+ Ωj1 0
0 0 0 〈k, ω1〉 − Ωj1

4b2×4b2
+B31
with
B31 =

iN̂z0z¯00 (ξ) 0 −2N̂z0z00 (ξ) 0
0 N̂z0 z¯00 (ξ) 0 −2N̂z0z00 (ξ)
2N̂ z¯0 z¯00 (ξ) 0 −N̂z0z¯00 (ξ) 0
0 2N̂ z¯0 z¯00 (ξ) 0 −N̂z0z¯00 )(ξ)

4b2×4b2
.
Note
R3k(1) =
⋃
|j|≤2K1
R3jk(1), |k| ≤ K1,
R˜3k(1) =
⋃
|j|≤2K1
R˜3jk(1), |k| ≤ K1,
where
R3jk(1) = {ξ ∈ Π1 :| |i(〈k, ω1〉 ± Ωj1)I4b2 +B31(ω−11 )|d |< γ31/|k|τ3 , |k| ≤ K1, |j| ≤ 2|k|},
R˜3jk(1) = {ω1 ∈ Π1 :| |i(〈k, ω1〉 ± Ωj1)I4b2 +B31|d |< γ31/|k|τ3 , |k| ≤ K1, |j| ≤ 2|k|},
for τ3 = 4b
2τ, γ31 = γ1, L3 = 4b
2 × 5b2(diamΠ1)n−1.
When ω1 ∈ Π1 \ ∪|k|≤K1R3k(1), similar with Part 1, for constant c4, c5, using the formula
A−131 (ω1) =
adjA31(ω1)
Mk(ω1) ,
we then have
‖ A−131 (ω1) ‖Π2≤ c5
|k|4b2−1
γ31/|k|τ3 ≤ c5γ
−1
31 |k|τ3+4b
2−1.
Similarly, we get the measure estimates
MeasR˜3jk(1) ≤ L3(γ
1
4b2
1 /|k|τ ),
MeasR3jk(1) ≤ L3(γ
1
4b2
1 /|k|τ ).
Summing up all j, we finally obtain
MeasR˜3k(1) ≤ 2L3(γ
1
4b2
1 /|k|τ−1),
MeasR3k(1) ≤ 2L3(γ
1
4b2
1 /|k|τ−1),
and
‖ ∂ω1A−131 (ω1) ‖Π2 ≤ |∂ω1M−1k (ω1)| ‖ adjA31(ω1) ‖Π2 +|M−1k (ω1)| ‖ ∂ω1adjA31(ω1) ‖Π2
≤ c4 |k|
2τ3+8b
2−1
γ231
+ c5
|k|τ3
γ31
‖ ∂ω1(−|k · ω1|3I4b2 + C31(ω1)) ‖Π2
≤ c4 |k|
2τ3+8b
2−1
γ231
+ c5
|k|τ3
γ31
(|k|4b2−1 + |k|4b2−2 + ...+ |k|+ ε
1
16
1 )
≤ c6 |k|
2τ3+8b
2−1
γ231
,
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where adjA31 = −|k · ω1|3I4b2 +C31 and constant c6.
Consequently, for any ξ ∈ Π1 \
⋃
|k|≤K1
R3k(1), we have
|F̂ z0zj1 (k, ξ)|
|̂F z0z¯j1 (k, ξ)|
|̂F z¯0zj1 (k, ξ)|
|̂F z¯0z¯j1 (k, ξ)|
 ≤ c5γ−131 |k|4b
2τ+4b2−1

|R̂z0zj1 (k, ξ)|
|̂Rz0 z¯j1 (k, ξ)|
|̂Rz¯0zj1 (k, ξ)|
|̂Rz¯0 z¯j1 (k, ξ)|
 ,
and 
|F̂ z0zj1 (k)|Π2
|̂F z0z¯j1 (k)|Π2
|̂F z¯0zj1 (k)|Π2
|̂F z¯0z¯j1 (k)|Π2
 ≤ c6γ−231 |k|8b
2τ+8b2−1

|R̂z0zj1 (k)|Π2
|̂Rz0 z¯j1 (k)|Π2
|̂Rz¯0zj1 (k)|Π2
|̂Rz¯0 z¯j1 (k)|Π2
 .
Part 4. Considering equation (2.41) and comparing the Fourier coefficients of two side, (2.41)
reduces to
A41
(
F̂ z01 (k, ξ)
F̂ z¯01 (k, ξ)
)
=
(̂˜Rz01 (k, ξ)̂˜Rz¯01 (k, ξ)
)
,
where
A41 = i
(〈k, ω1〉 0
0 〈k, ω1〉
)
2b2×2b2
+B41
with
B41 =
(
iN̂z0z¯00 (ξ) −2N̂z0z00 (ξ)
2N̂ z¯0 z¯00 (ξ) −N̂z0z¯00 (ξ)
)
2b2×2b2
,
and (̂˜Rz01 (k, ξ)̂˜Rz¯01 (k, ξ)
)
=
(
R̂z01 (k, ξ)− i(N̂z00 (ξ)F̂ z0z¯01 (k, ξ) + 2N̂ z¯00 (ξ)F̂ z0z01 (k, ξ))
R̂z¯01 (k, ξ) + i(N̂
z¯0
0 (ξ)F̂
z0z¯0
1 (k, ξ)− 2N̂z00 (ξ)F̂ z¯0z¯01 (k, ξ))
)
.
Let
R4k(1) = {ξ ∈ Π1 :| |i〈k, ω1〉I2b2 +B41(ω−11 )|d |< γ41/|k|τ4 , 0 < |k| ≤ K1},
R˜4k(1) = {ω1 ∈ Π1 :| |i〈k, ω1〉I2b2 +B41|d |< γ41/|k|τ4 , 0 < |k| ≤ K1},
where τ4 = 2b
2τ, γ42 = γ1, L4 = 3b
2 × 4b2(diamΠ1)n−1.
When ω1 ∈ Π1 \
⋃
0<|k|≤K1
R˜4k(1), for some constants c7, c8, it is easy to see that
‖ A41(ω1) ‖Π2≤ c7|k|, k 6= 0,
‖ A−141 (ω1) ‖Π2≤ c8
|k|2b2−1
γ41/|k|τ4 ≤ c8γ
−1
41 |k|τ4+b
2−1,
together with
MeasR˜4k(1) ≤ L4(γ
1
2b2
1 /|k|τ ),
MeasR4k(1) ≤ L4(γ
1
2b2
1 /|k|τ ).
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Moreover, one has
‖ ∂ω1A−141 (ω1) ‖Π2 ≤ |∂ω1M−1k (ω1)| ‖ adjA41(ω1) ‖Π2 +|M−1k (ω1)| ‖ ∂ω1adjA41(ω1) ‖Π2
≤ c7 |k|
2τ4+4b
2−1
γ241
+ c8
|k|τ4
γ41
‖ ∂ω1(−|k · ω1|E2b2 + C41(ω1)) ‖Π2
≤ c7 |k|
2τ4+4b
2−1
γ241
+ c8
|k|τ4
γ41
(|k|2b2−1 + ...+ |k|+ ε
1
16
1 )
≤ c9 |k|
2τ4+4b
2−1
γ241
,
where adjA41 = −|k · ω1|I2b2 + C41 and constant c9.
Following from estimates of Part1, we also have
|̂˜Rz01 (k, ξ)| ≤ |R̂z01 (k, ξ)|+ c2γ−111 |k|3b2τ+3b2−1 (|R̂z0z¯01 (k, ξ)|+ 2|R̂z0z01 (k, ξ)|) ε0
≤ |R̂z01 (k, ξ)|+ γ−111 |k|3b
2τ+3b2−1
(
|R̂z0z¯01 (k, ξ)|+ |R̂z0z01 (k, ξ)|
)
,
|̂˜Rz¯01 (k, ξ)| ≤ |R̂z¯01 (k, ξ)|+ c2ε0γ−111 |k|3b2τ+3b2−1 (|R̂z0z¯01 (k, ξ)|+ 2|R̂z¯0 z¯01 (k, ξ)|)
≤ |R̂z¯01 (k, ξ)|+ γ−111 |k|3b
2τ+3b2−1
(
|R̂z0z¯01 (k, ξ)|+ |R̂z¯0z¯01 (k, ξ)|
)
,
and
|̂˜Rz01 (k)|Π2 ≤ |R̂z01 (k)|Π2 + c3γ−211 |k|6b2τ+6b2−1 (|R̂z0z¯01 (k)|Π2 + 2|R̂z0z01 (k)|Π2) ε0
≤ |R̂z01 (k)|Π2 + γ−211 |k|6b
2τ+6b2−1
(
|R̂z0z¯01 (k)|Π2 + |R̂z0z01 (k)|Π2
)
,
|̂˜Rz¯01 (k)|Π2 ≤ |R̂z¯01 (k)|Π2 + c3γ−211 |k|6b2τ+6b2−1 (|R̂z0z¯01 (k)|Π2 + 2|R̂z¯0 z¯01 (k)|Π2) ε0
≤ |R̂z¯01 (k)|Π2 + γ−211 |k|6b
2τ+6b2−1
(
|R̂z0z¯01 (k)|Π2 + |R̂z¯0 z¯01 (k)|Π2
)
.
Therefore, we get the followings
|F̂ z01 (k, ξ)| ≤ γ−141 |k|2b
2τ+2b2−1|R̂z01 (k, ξ)|
+γ−141 γ
−1
11 |k|5b
2τ+5b2−2
(
|R̂z0z¯01 (k, ξ)|+ |R̂z0z01 (k, ξ)|
)
,
|F̂ z¯01 (k, ξ)| ≤ c7γ−141 |k|2b
2τ+2b2−1|R̂z¯01 (k, ξ)|
+γ−141 γ
−1
11 |k|5b
2τ+5b2−2
(
|R̂z0z¯01 (k, ξ)|+ |R̂z¯0z¯01 (k, ξ)|
)
,
and
|F̂ z01 (k)|Π2 ≤ γ−241 |k|4b
2τ+4b2−1|R̂z01 (k)|Π2
+γ−211 γ
−2
41 |k|10b
2τ+10b2−2
(
|R̂z0z¯01 (k)|Π2 + |R̂z0z01 (k)|Π2
)
,
|F̂ z¯01 (k)|Π2 ≤ γ−241 |k|4b
2τ+4b2−1|R̂z¯01 (k)|Π2
+γ−211 γ
−2
41 |k|10b
2τ+10b2−2
(
|R̂z0z¯01 (k)|Π2 + |R̂z¯0 z¯01 (k)|Π2
)
.
Part 5. Considering the 1-th terms of F
zj
1 and F
z¯j
1 for j ∈ N+ \ J , (2.45)-(2.46) yield
(−∂ω1 − iΩj1)F zj1 + i(N̂z00 (ξ)F z¯0zj1 − N̂ z¯00 (ξ)F z0zj1 ) +Rzj1 = 0,
(−∂ω1 + iΩj1)F z¯j1 + i(N̂z00 (ξ)F
z¯0z¯j
1 − N̂ z¯00 (ξ)F
z0z¯j
1 ) +R
z¯j
1 = 0.
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Let |l| = 1. Thus for any ξ ∈ Π1 \
⋃
K0<|k|≤K1
Rkl(1), we have
|F̂ zj1 (k, ξ)| ≤ γ−151 |k|τ |R̂
zj
1 (k, ξ)|
+γ−151 γ
−1
31 |k|(4b
2+1)τ+4b2−1
(
|̂Rz¯0zj1 (k, ξ)|+ |R̂z0zj1 (k, ξ)|
)
,
|F̂ z¯j1 (k, ξ)| ≤ γ−151 |k|τ |R̂z¯j1 (k, ξ)|
+γ−151 γ
−1
31 |k|(4b
2+1)τ+4b2−1
(
|̂Rz¯0z¯j1 (k, ξ)|+ |̂R
z0z¯j
1 (k, ξ)|
)
,
and
|F̂ zj1 (k)|Π2 ≤ γ−251 |k|2τ+1|R̂zj1 (k)|Π2
+γ−251 γ
−1
31 |k|(8b
2+2)τ+8b2
(
|̂Rz¯0zj1 (k)|Π2 + |R̂z0zj1 (k)|Π2
)
,
|F̂ z¯j1 (k)|Π2 ≤ γ−251 |k|2τ+1|R̂z¯j1 (k)|Π2
+γ−251 γ
−1
31 |k|(8b
2+2)τ+8b2
(
|̂Rz¯0z¯j1 (k)|Π2 + |̂Rz0z¯j1 (k)|Π2
)
.
Part 6. Considering the terms of F x1 and F
y
1 , (2.47)-(2.48) reduce to
iF̂ y1 (k, ξ) =
R̂y1(k, ξ)
〈k, ω1〉 ,
iF̂ x1 (k, ξ) =
R̂x1 (k, ξ) + i
(
N̂z00 (ξ)F̂
z¯0
1 (k, ξ)− N̂ z¯00 (ξ)F̂ z01 (k, ξ)
)
〈k, ω1〉 .
Let |l| = 0. Hence for any ξ ∈ Π1 \
⋃
K0<|k|≤K1
Rlk(1), one obtains
|F̂ y1 (k, ξ)| ≤ γ−161 |k|τ |R̂y1(k, ξ)|,
|F̂ x1 (k, ξ)| ≤ γ−161 |k|τ |R̂x1 (k, ξ)|
+γ−161 γ
−1
41 |k|(2b
2+1)τ+2b2−1
(
|R̂z¯01 (k, ξ)|+ |R̂z01 (k, ξ)|
)
+γ−161 γ
−1
41 γ
−1
11 |k|(5b
2+1)τ+5b2−2
(
|R̂z0z¯01 (k, ξ)|+ |R̂z¯0z¯01 (k, ξ)|+ |R̂z0z01 (k, ξ)|
)
,
and
|F̂ y1 (k)|Π2 ≤ γ−261 |k|2τ+1|R̂y1(k)|Π2 ,
|F̂ x1 (k)|Π2 ≤ γ−261 |k|2τ+1|R̂x1 (k)|Π2
+γ−261 γ
−2
42 |k|(4b
2+2)τ+4b2
(
|R̂z¯01 (k)|Π2 + |R̂z01 (k)|Π2
)
+γ−261 γ
−2
11 γ
−2
41 |k|(10b
2+2)τ+10b2−1
(
|R̂z¯0z¯01 (k)|Π2 + |R̂z0z¯01 (k)|Π2 + |R̂z0z01 (k)|Π2
)
.
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In view of this six parts, when ξ ∈ Π2, we have
1
r22
‖ (F1)x ‖D3
2
,Π2
(2.51)
≤ 1
r22
|F̂ x1 (k)|+ |F̂ y1 (k)|r22 + ∑
1≤j≤b
(
|F̂ z0j1 (k)||z0j |+ |F̂
z¯0j
1 (k)||z¯0j |
)
+
∑
j∈N+\J
(
|F̂ zj1 (k)||zj |+ |F̂ z¯j1 (k)||z¯j |
)
+
∑
1≤i,j≤b
(
|F̂ z0iz0j1 (k)||z0i||z0j |+ |̂F z0iz¯0j1 (k)||z0i||z¯0j |+ |̂F z¯0iz¯0j1 (k)||z¯0i||z¯0j |
)
+
∑
i,j∈N+\J
(
|F̂ zizj1 (k)||zi||zj |+ |̂F ziz¯j1 (k)||zi||z¯j |+ |̂F z¯iz¯j1 (k)||z¯i||z¯j |
)
×
 ∑
|k|≤K1
|k|e|k|(s2+ 34 (s1−s2))

≤
(
γ−21 K
8b2τ+8b2−1
1 + γ
−4
1 K
(10b2+2)τ+10b2−2
1 + γ
−6
1 K
(10b2+2)τ+10b2−1
1
)
×‖XR1‖D2
4
×Π2
∑
|k|≤K1
|k|e− 14 |k|(s1−s2)
⋖ (s1 − s2)−n−1
(
γ−21 K
(8b2+2)τ+8b2
1 + γ
−4
1 K
(10b2+2)τ+10b2−1
1 + γ
−6
1 K
(10b2+2)τ+10b2
1
)
ε1
⋖ γ−61 (s1 − s2)−n−1K(10b
2+2)τ+10b2
1 ε1.
Similarly, we have
‖(F1)y‖D3
2
,Π2
,
1
r2
‖(F1)z∗‖D3
2
,Π2
,
1
r2
‖(F1)z¯∗‖D3
2
,Π2
⋖ γ−61 K
(10b2+2)τ+10b2
1 (s1 − s2)−n−1ε1.
To sum up, we obtain
‖XF1‖D3
2
,Π2
⋖ γ−61 K
(10b2+2)τ+10b2
1 (s1 − s2)−n−1ε1.

3. the new hamiltonian
In view of (2.19), we obtain the new Hamiltonian
H2 = N2 +R2,
where N2 and R2 are given in (2.20) and (2.21) respectively.
3.1. The new normal form N2. The new normal form is given in (2.20).
Note that
Ĵxm+1(ξ) =
m∑
j=0
N̂xj (ξ), Ĵ
z0
m+1(ξ) =
m∑
j=0
N̂z0j (ξ),
Ĵ z¯0m+1(ξ) =
m∑
j=0
N̂ z¯0j (ξ), Ĵ
z0z0
m+1(ξ) =
m∑
j=0
N̂z0z0j (ξ),
Ĵz0z¯0m+1(ξ) =
m∑
j=0
N̂z0 z¯0j (ξ), Ĵ
z¯0z¯0
m+1(ξ) =
m∑
j=0
N̂ z¯0z¯0j (ξ).
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We then have
N2 = Ĵx2 (ξ) +
n∑
j=1
ωj2(ξ)yj +
∑
j∈N+\J
Ωj2(ξ)zj z¯j + 〈Ĵz02 (ξ), z0〉
+〈Ĵ z¯02 (ξ), z¯0〉+ 〈Ĵz0z02 (ξ)z0, z0〉+ 〈Ĵz0 z¯02 (ξ)z0, z¯0〉+ 〈Ĵ z¯0z¯02 (ξ)z¯0, z¯0〉.
Based on (2.16), one has
‖X
N̂2
‖D1,Π1 ⋖ ε1.(3.1)
3.2. The new perturbation R2. The new perturbation is given in (2.21), i.e.
R2(x, y, z, z¯, ξ) =
∫ 1
0
{(1− t)N̂1 + tRlow1 , F1} ◦XtF1dt+ P1 ◦XtF1 |t=1 +Rhigh1 ◦XtF1 |t=1 .
where R1(t) = (1− t)N̂1 + tRlow1 , then
XR2 =
∫ 1
0
(Φt1)
∗X{R1(t),F1}dt+ (Φ
t
1)
∗X
P1+R
high
1
.
By the generalized Cauchy’s inequality and the estimates (2.18) and (2.50), one has
‖XR2‖D1
2
,Π2
≤ ‖X{R1(t),F1}‖D12 ,Π2 + ‖XP1‖D12 ,Π2 + ‖XRhigh1 ‖D12 ,Π2
⋖ η−21 γ
−6
1 K
(10b2+2)τ+10b2
1 (s1 − s2)−n−1ε21 + η1ε1 +Kn1 e−K1(s1−s2)ε1.
(3.2)
4. Iteration lemma
To iterate the KAM step infinitely, we should choose sequences for the pertinent parameters. The
guiding principle is to choose a geometric sequences for sm and the error estimate ηm, γm,Mm. We
define for all m ≥ 2 the following sequences
sm = s1(1−
∑m+1
i=1 2
−i),
γm =
γ1
2
(1 + 2−m+1),
εm = γ
−6
m−1(m− 1)64b
4
(sm−1 − sm)−n−1ε
4
3
m−1, which dominates the size of the perturbation,
ηm = ε
1
3
m,
rm =
1
8
ηmrm−1,
Km = | log εm|/(sm − sm+1),
ε
1
6
m = (Km)
ne−Km(sm−sm+1),
Dm = D(sm, rm, rm),
Dim = Dm−1
(
sm +
i
4
(sm−1 − sm), i4ηm−1rm−1, i4ηm−1rm−1
)
, 0 < i ≤ 4,
and the new non-resonant conditions
(1) Rkl(m) = {ξ ∈ Πm :| 〈k, ωm(ξ)〉+ 〈l,Ωm(ξ)〉 |< γm〈l〉d|k|τ ,Km−1 < |k| ≤ Km, (k, l) ∈ Z},
(2) R1k(m) = {ξ ∈ Πm :| |i〈k, ωm(ξ)〉I3b2 −B1m(ξ)|d |< γ1m|k|τ1 , 0 < |k| ≤ Km},
where τ1 = 3b
2τ, γ1m = γm/m
18b4 , L1 = 3b
2 × 4b2(diamΠm)n−1,
(3) R3k(m) = {ξ ∈ Πm :| |i(〈k, ωm(ξ)〉 ± Ωjm)I4b2 +B3m(ξ)|d |< γ3m|k|τ3 , |k| ≤ Km},
where τ3 = 4b
2τ, γ3m = γm/m
32b4 , L3 = 4b
2 × 5b2(diamΠ1)n−1,
(4) R4k(m) = {ξ ∈ Πm :| |i〈k, ωm(ξ)〉I2b2 +B4m(ξ)|d |< γ4m|k|τ4 , 0 < |k| ≤ Km},
where τ4 = 2b
2τ, γ4m = γm/m
8b4 , L4 = 2b
2 × 3b2(diamΠ1)n−1.
We note
Πm+1 = Πm \
⋃
Km−1<|k|≤Km,(k,l)∈Z
Rkl(m) \
⋃
0<|k|≤Km,i=1,4
Rik(m) \
⋃
|k|≤Km
R3k(m).
26 YUAN WU AND XIAOPING YUAN
Lemma 4.1. (Iterative lemma) The integrable Hamiltonian with the perturbation Hm = Nm +Rm is
analytic on Dm × Πm, where
Nm = Ĵxm(ξ) + 〈ωm(ξ), y〉+ 〈Ωm(ξ)z, z¯〉+ 〈Ĵz0m (ξ), z0〉
+〈Ĵ z¯0m (ξ), z¯0〉+ 〈Ĵz0z0m (ξ)z0, z0〉+ 〈Ĵz0 z¯0m (ξ)z0, z¯0〉+ 〈Ĵ z¯0z¯0m (ξ)z¯0, z¯0〉.
is a normal form with the estimate
‖X
N̂m
‖Dm−1,Πm−1 ⋖ εm−1.(4.1)
and the perturbation Rm satisfying
‖XRlowm ‖Dm,Πm ⋖ εm,(4.2)
‖XPm‖Dm+1,Πm ⋖ Knme−Km(sm−sm+1)εm,(4.3)
‖X
R
high
m
‖D(sm,4ηmrm,ηmrm),Πm ⋖ ηmεm.(4.4)
Suppose the assumption (A) and (B) are fulfilled for ωm(ξ) and Ωm(ξ) with m = 1 and
|ωm(ξ)− ω1(ξ)|Πm−1 + |Ωm(ξ)− Ω1(ξ)|−δ,Πm−1 ≤
∑m−1
i=1
εi.
Then for each ξ ∈ Πm+1, there exist real analytic symplectic coordinate transformations Φm+1 :
Dm+1 → Dm satisfying
‖Φm+1 − id‖D2
m+1
,Πm+1
⋖ε
5
6
m,(4.5)
‖DΦm+1 − Id‖D1
m+1
,Πm+1
⋖ε
5
6
m,(4.6)
such that for Hm+1 = Hm ◦ Φm = Nm+1 + Rm+1, the same assumptions as above are satisfied with
m+ 1 in place of m, that is,
|ωm+1(ξ)− ω1(ξ)|Πm + |Ωm+1(ξ)− Ω1(ξ)|−δ,Πm ≤
∑m
i=1
εi,(4.7)
and
‖XRm+1‖D1
m+1
,Πm+1
⋖ εm+1,(4.8)
and
MeasΠm+1 ≥MeasΠm − γµ1 ·
1
1 +Km−1
− γ
1
4b2
1 ·
1
m2
,(4.9)
where µ is given in (2.17).
Proof. In the step m→ m+1, first of all, dropping the index 1 of the homological equation (2.5), the
m− th homological equation writes
(4.10) {Nm, Fm}+Rm = N̂m,
and the corresponding six parts are:
Part 1. Consider the Fourier coefficients of F z0z0m , F
z0z¯0
m and F
z¯0z¯0
m , which yield
A1m
vec(F̂
z0z0
m (k, ξ))
vec(F̂ z0z¯0m (k, ξ))
vec(F̂ z¯0z¯0m (k, ξ))
 =
vec(R̂
z0z0
m (k, ξ))
vec(R̂z0z¯0m (k, ξ))
vec(R̂z¯0z¯0m (k, ξ))
 ,
where A1m = i〈k, ωm〉I3b2 +B1m and
B1m(ξ) = i
 (A1m1 + A1m2) −(A1m1 + A1m2) 02(A1m5 +A1m6) −(A1m3 − A1m4) 2(A1m1 + A1m2)
0 (A1m5 + A1m6) 2(A1m3 + A1m4)

3b2×3b2
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with the corresponding matrix are
A1m1 = Ib ⊗ Ĵz0z0m (ξ),A1m2 = Ĵz0z0m (ξ)⊗ Ib,
A1m3 = Ib ⊗ Ĵz0z¯0m (ξ),A1m4 = Ĵ z¯0z¯0m (ξ)⊗ Ib,
A1m5 = Ib ⊗ Ĵ z¯0z¯0m (ξ),A1m6 = Ĵ z¯0z0m (ξ)⊗ Ib.
Thus one obtains the estimates|vec(F̂
z0z0
m (k, ξ))|
|vec(F̂ z0z¯0m (k, ξ))|
|vec(F̂ z¯0z¯0m (k, ξ))|
 ⋖ γ−11m|k|3b2τ+3b2−1
|vec(R̂
z0z0
m (k, ξ))|
|vec(R̂z0z¯0m (k, ξ))|
|vec(R̂z¯0z¯0m (k, ξ))|
 ,
and |vec(F̂
z0z0
m (k, ξ))|Πm+1
|vec(F̂ z0z¯0m (k, ξ))|Πm+1
|vec(F̂ z¯0z¯0m (k, ξ))|Πm+1
⋖ γ−21m|k|6b2τ+6b2−1
|vec(R̂
z0z0
m (k, ξ))|Πm
|vec(R̂z0z¯0m (k, ξ))|Πm
|vec(R̂z¯0z¯0m (k, ξ))|Πm
 .
Part 2. Compare the Fourier coefficients F
zizj
m , F
ziz¯j
m and F
z¯iz¯j
m , which yield
A2m

F̂
zizj
m (k, ξ)
̂
F
ziz¯j
m (k, ξ)
̂
F
z¯iz¯j
m (k, ξ)
 =

R̂
zizj
m (k, ξ)
̂
R
ziz¯j
m (k, ξ)
̂
R
z¯iz¯j
m (k, ξ)
 ,
for any i 6= j and i, j ∈ N+ \ J , where
A2m = i
〈k, ωm〉+Ωim +Ωjm 0 00 〈k, ωm〉+ Ωim − Ωjm 0
0 0 〈k, ωm〉 − Ωim − Ωjm
 .
We then have 
|F̂ zizjm (k, ξ)|
|̂F ziz¯jm (k, ξ)|
|̂F z¯iz¯jm (k, ξ)|
⋖ γ−12m|k|τ

|R̂zizjm (k, ξ)|
|̂Rziz¯jm (k, ξ)|
|̂Rz¯iz¯jm (k, ξ)|
 ,
and 
|F̂ zizjm (k, ξ)|Πm+1
|̂F ziz¯jm (k, ξ)|Πm+1
|̂F z¯iz¯jm (k, ξ)|Πm+1
⋖ γ−22m|k|2τ+1

|R̂zizjm (k, ξ)|Πm
|̂Rziz¯jm (k, ξ)|Πm
|̂Rz¯iz¯jm (k, ξ)|Πm
 .
Part 3. Consider the Fourier coefficients of F
z0zj
m , F
z0z¯j
m , F
z¯0zj
m and F
z¯0z¯j
m for j ∈ N+\J , which reduce
to
A3m

F̂
z0zj
m (k, ξ)
̂
F
z0z¯j
m (k, ξ)
̂
F
z¯0zj
m (k, ξ)
̂
F
z¯0z¯j
m (k, ξ)
 =

R̂
z0zj
m (k, ξ)
̂
R
z0z¯j
m (k, ξ)
̂
R
z¯0zj
m (k, ξ)
̂
R
z¯0z¯j
m (k, ξ)
 ,
where
A3m = i

〈k, ωm〉+Ωjm 0 0 0
0 〈k, ωm〉 − Ωjm 0 0
0 0 〈k, ωm〉+ Ωjm 0
0 0 0 〈k, ωm〉 − Ωjm

4b2×4b2
+B3m,
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with
B3m = i

Ĵz0 z¯0m (ξ) 0 −2Ĵz0z0m (ξ) 0
0 Ĵz0z¯0m (ξ) 0 −2Ĵz0z0m (ξ)
2Ĵ z¯0 z¯0m (ξ) 0 −Ĵz0z¯0m (ξ) 0
0 2Ĵ z¯0 z¯0m (ξ) 0 −Ĵz0 z¯0m )(ξ)

4b2×4b2
.
Similarly, we get the estimates
|F̂ z0zjm (k, ξ)|
|̂F z0z¯jm (k, ξ)|
|̂F z¯0zjm (k, ξ)|
|̂F z¯0z¯jm (k, ξ)|
 ⋖ γ−13m|k|4b
2τ+4b2−1

|R̂z0zjm (k, ξ)|
|̂Rz0z¯jm (k, ξ)|
|̂Rz¯0zjm (k, ξ)|
|̂Rz¯0z¯jm (k, ξ)|
 ,
and 
|F̂ z0zjm (k, ξ)|Πm+1
|̂F z0z¯jm (k, ξ)|Πm+1
|̂F z¯0zjm (k, ξ)|Πm+1
|̂F z¯0z¯jm (k, ξ)|Πm+1
⋖ γ−23m|k|8b
2τ+8b2−1

|R̂z0zjm (k, ξ)|Πm
|̂Rz0z¯jm (k, ξ)|Πm
|̂Rz¯0zjm (k, ξ)|Πm
|̂Rz¯0z¯jm (k, ξ)|Πm
 .
Part 4. In the following, we consider the Fourier coefficients of F z0m and F
z¯0
m , which yield
A4m
(
F̂ z0m (k, ξ)
F̂ z¯0m (k, ξ)
)
=
(
R̂z0m (k, ξ) + i(F̂
z0z¯0
m (k, ξ)Ĵ
z0
m (ξ)− 2F̂ z0z0m (k, ξ)Ĵ z¯0m (ξ))
R̂z¯0m (k, ξ) + i(F̂
z0z¯0
m (k, ξ)Ĵ
z¯0
m (ξ)− 2F̂ z¯0z¯0m (k, ξ)Ĵz0m (ξ))
)
,
where
A4m = i〈k,ωm〉E2b2 +B4m
with
B4m = i
(
Ĵz0 z¯0m (ξ) −2Ĵz0z0m (ξ)
2Ĵ z¯0 z¯0m (ξ) −Ĵz0z¯0m (ξ)
)
.
Therefore, we get the following
|F̂ z0m (k, ξ)| ⋖ γ−14m|k|3b
2τ+3b2−1|R̂z0m (k, ξ)|
+γ−14mγ
−1
1m|k|5b
2τ+5b2−2
(
|R̂z0z¯0m (k, ξ)|+ |R̂z0z0m (k, ξ)|
)
,
|F̂ z¯0m (k, ξ)| ⋖ γ−14m|k|2b
2τ+2b2−1|R̂z¯0m (k, ξ)|
+γ−14mγ
−1
1m|k|5b
2τ+5b2−2
(
|R̂z0z¯0m (k, ξ)|+ |R̂z¯0z¯0m (k, ξ)|
)
,
and
|F̂ z0m (k)|Πm+1 ⋖ γ−24m|k|4b
2τ+4b2−1|R̂z0m (k)|Πm
+γ−24mγ
−2
1m|k|6b
2τ+6b2−1
(
|R̂z0z¯0m (k)|Πm + 2|R̂z0z0m (k)|Πm
)
,
|F̂ z¯0m (k)|Πm+1 ⋖ γ−24m|k|4b
2τ+4b2−1|R̂z¯0m (k)|Πm
+γ−24mγ
−2
1m|k|10b
2τ+10b2−2
(
|R̂z0z¯0m (k)|Πm + |R̂z¯0z¯0m (k)|Πm
)
.
Part 5. Compare the Fourier coefficients of F
zj
m and F
z¯j
m for j ≥ 1, which reduce to
A5m
(
F̂
zj
m (k, ξ)
F̂
z¯j
m (k, ξ)
)
=
(
R̂
zj
m (k, ξ) + i(Ĵ
z0
m (ξ)F̂
z¯0zj
m (k, ξ)− Ĵ z¯0m (ξ)F̂ z0zjm (k, ξ))
R̂
z¯j
m (k, ξ) + i(Ĵ
z0
m (ξ)F̂
z¯0z¯j
m (k, ξ)− Ĵ z¯0m (ξ)F̂ z0z¯jm (k, ξ))
)
,
where
A5m = i
(〈k, ωm〉+ Ωjm 0
0 〈k, ωm〉 − Ωjm
)
.
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Thus we have the following estimates
|F̂ zjm (k, ξ)| ⋖ γ−15m|k|τ |R̂zjm (k, ξ)|
+γ−15mγ
−1
3m|k|(4b
2+1)τ+4b2−1
(
|̂Rz¯0zjm (k, ξ)|+ |R̂z0zjm (k, ξ)|
)
,
|F̂ z¯jm (k, ξ)| ⋖ γ−15m|k|τ |R̂z¯jm (k, ξ)|
+γ−15mγ
−1
3m|k|(4b
2+1)τ+4b2−1
(
|̂Rz¯0z¯jm (k, ξ)|+ |̂Rz0z¯jm (k, ξ)|
)
,
and
|F̂ zjm (k)|Πm+1 ⋖ γ−25m|k|2τ+1|R̂zjm (k)|Πm
+γ−25mγ
−2
3m|k|(8b
2+2)τ+8b2
(
|̂Rz¯0zjm (k)|Πm + |R̂z0zjm (k)|Πm
)
,
|F̂ z¯jm (k)|Πm+1 ⋖ γ−25m|k|2b
2τ+1|R̂z¯jm (k)|Πm+1
+γ−25mγ
−2
3m|k|(8b
2+2)τ+8b2
(
|̂Rz¯0z¯jm (k)|Πm + |̂Rz0z¯jm (k)|Πm
)
.
Part 6. Consider the Fourier coefficients of F xm and F
y
m, which yield
A6m
(
F̂ ym(k, ξ)
F̂ xm(k, ξ)
)
=
(
R̂ym(k, ξ)
R̂xm(k, ξ) + i(Ĵ
z0
m (ξ)F̂
z¯0
m (k, ξ)− Ĵ z¯0m (ξ)F̂ z0m (k, ξ))
)
,
where
A6m = i
(〈k, ωm〉 0
0 〈k, ωm〉
)
for k 6= 0.
We thus obtain that
|F̂ ym(k, ξ)| ⋖ γ−161 |k|τ |R̂ym(k, ξ)|,
|F̂ xm(k, ξ)| ⋖ γ−16m|k|τ |R̂xm(k, ξ)|
+γ−16mγ
−1
4m|k|(2b
2+1)τ+2b2−1
(
|R̂z¯0m (k, ξ)|+ |R̂z0m (k, ξ)|
)
+γ−16mγ
−1
4mγ
−1
1m|k|(5b
2+1)τ+5b2−2
(
|R̂z0z¯0m (k, ξ)|+ |R̂z¯0z¯0m (k, ξ)|+ |R̂z0z0m (k, ξ)|
)
,
and
|F̂ ym(k)|Πm+1 ⋖ γ−26m|k|2τ+1|R̂ym(k)|Πm ,
|F̂ xm(k)|Πm+1 ⋖ γ−26m|k|2τ+1|R̂xm(k)|Πm
+γ−26mγ
−2
4m|k|(4b
2+2)τ+4b2
(
|R̂z¯0m (k)|Πm + |R̂z0m (k)|Πm
)
+γ−26mγ
−2
4mγ
−2
1m|k|(10b
2+2)τ+10b2−1
(
|R̂z¯0z¯0m (k)|Πm + |R̂z0z¯0m (k)|Πm + |R̂z0z0m (k)|Πm
)
.
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In view of the six parts, one has
1
r2m+1
‖ (Fm)x ‖D3
m+1
,Πm+1
(4.11)
≤ 1
r2m+1
|F̂ xm(k)|+ |F̂ ym(k)|r2m+1 + ∑
1≤j≤b
(
|F̂ z0jm (k)||z0j |+ |F̂ z¯0jm (k)||z¯0j |
)
+
∑
j∈N+\J
(
|F̂ zjm (k)||zj |+ |F̂ z¯jm (k)||z¯j |
)
+
∑
1≤i,j≤b
(
|F̂ z0iz0jm (k)||z0i||z0j |+ |̂F z0iz¯0jm (k)||z0i||z¯0j |+ |̂F z¯0iz¯0jm (k)||z¯0i||z¯0j |
)
+
∑
i,j∈N+\J
(
|F̂ zizjm (k)||zi||zj |+ |̂F ziz¯jm (k)||zi||z¯j |+ |̂F z¯iz¯jm (k)||z¯i||z¯j |
)
×
 ∑
|k|≤Km
|k|e|k|(sm+ 34 (sm−sm+1))

⋖ (sm − sm+1)−n−1
(
γ−2m m
64b2K8b
2τ+8b2
m + γ
−4
m m
128b2K10b
2τ+10b2−1
m
+ γ−6m m
192b2K(10b
2+2)τ+10b2
m
)
εm
⋖ γ−6m m
192b2 (sm − sm+1)−n−1K(10b
2+2)τ+10b2
m εm
⋖ ε
5
6
m.
Similarly, we have
‖(Fm)y‖D3
m+1
,Πm+1
,
1
rm+1
‖(Fm)z∗‖D3
m+1
,Πm+1
,
1
rm+1
‖(Fm)z¯∗‖D3m+1,Πm+1 ⋖ ε
5
6
m.
To sum up, one obtain
‖XFm‖D3
m+1
,Πm+1
⋖ ε
5
6
m.(4.12)
Thus, (4.5) and (4.6) are obvious.
Next, we will show that the new non-resonant conditions preserve under small perturbation N̂m.
Since ωjm+1(ξ) = ω
j
m(ξ) + N̂
yj
m (ξ) and Ω
j
m+1(ξ) = Ω
j
m(ξ) +
̂
N
zj z¯j
m (ξ), one has
|〈k, ωm+1(ξ)〉+ 〈l,Ωm+1(ξ)〉|(4.13)
≥ | 〈k, ωm(ξ)〉+ 〈l,Ωm(ξ)〉|+ |〈k, N̂ym(ξ)〉+ 〈l, N̂zz¯m (ξ)〉|
≥ γm〈l〉d|k|τ − (|k||N̂
y
m(ξ)|+ |l|δ |N̂zz¯m (ξ)|−δ)
≥ γm〈l〉d|k|τ − 2|k|εm〈l〉d
≥ γm+1〈l〉d|k|τ ,
for ξ ∈ Πm and Km−1 < |k| ≤ Km.
On the other hand, another non-resonant condition becomes
| |i〈k, ωm+1〉I3b2 −B1m+1|d |
≥ | |i〈k, ωm〉I3b2 −B1m|d | · | |I3b2 + (i〈k,ωm〉I3b2 −B1m)−1(i〈k, N̂ym〉I3b2 − B˜1m)|d |
≥ γm|k|τ1 · | |I3b2 + (i〈k,ωm〉I3b2 −B1m)
−1(i〈k, N̂ym〉I3b2 − B˜1m)|d |
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where B˜1m = B1m+1 −B1m.
Recalling that
i〈k, N̂ym〉I3b2 − B˜1m = i
〈k, N̂
y
m〉+ 2N̂z0 z¯0m (ξ) −2N̂z0z0m (ξ) 0
4N̂ z¯0 z¯0m (ξ) 〈k, N̂ym〉 −4N̂z0z0m (ξ)
0 2N̂ z¯0 z¯0m (ξ) 〈k, N̂ym〉 − 2N̂z0 z¯0m (ξ)

3b2×3b2
for 0 < |k| ≤ Km, one has
| |i〈k, ωm+1〉I3b2 −B1m+1|d |
≥ γ1m|k|τ1 · | |I3b2 + (i〈k,ωm〉I3b2 −B1m)
−1(i〈k, N̂ym〉I3b2 − B˜1m)|d |
≥ γ1m|k|τ1 · | |I3b2 +
adj(i〈k, ωm〉I3b2 −B1m)
|i〈k, ωm〉I3b2 −B1m|d
(i〈k, N̂ym〉I3b2 − B˜1m)|d |
≥ γ1m|k|τ1 ·
(
1− 1
m+ 1
)18b4
≥ γ1{m+1}|k|τ1 .
Similarly, for |k| ≤ Km, one has
| |i(〈k, ωm+1 ± Ωjm+1)I4b2 −B3m+1|d |≥
γ3{m+1}
|k|τ3 ,
and for 0 < |k| ≤ Km, we obtain
| |i〈k, ωm+1〉I2b2 −B4m+1|d |≥
γ4{m+1}
|k|τ4 .
Moreover, one has
‖XNˆm‖D1m,Πm ≤ ‖XRm‖D1m,Πm ≤ εm,
which implies
|ωm+1 − ωm|⋖ ‖XRm‖D1m,Πm ,
and
‖(Ωm+1 −Ωm)z‖la,p¯ ⋖ rm‖XRm‖D1m,Πm .
Hence, on Πm and with −δ ≤ p¯− p, we have
|Ωm+1 −Ωm|−δ ≤ |Ωm+1 − Ωm|p¯−p ⋖ ‖XRm‖D1m,Πm ,
which ends the proof of (4.7).
Thirdly, under the assumptions (4.2)-(4.4) at stage m, we get from (4.12) that
‖XRm+1‖D1
m+1
,Πm+1
⋖ η−2m ε
11
6
m + ηmεm +K
n
me
−Km(sm−sm+1)εm
⋖ εm+1,
which ends the proof of (4.8).
Finally, we estimate the measures of the resonant zones. Since
Πm+1 = Πm \
⋃
Km−1<|k|≤Km,(k,l)∈Z
Rkl(m) \
⋃
0<|k|≤Km,i=1,4
Rik(m) \
⋃
|k|≤Km
R3k(m),
32 YUAN WU AND XIAOPING YUAN
we have
MeasΠm+1 = MeasΠm −
∑
(k,l)∈Z,Km−1<|k|≤Km
Rkl(m)
−
∑
i=1,4,0<|k|≤Km
Rik(m)−
∑
|k|≤Km
R3k(m)
= MeasΠm −
∑
Km−1<|k|≤Km
γµ1 ·
1
|k|τ −
∑
0<|k|≤Km
L1(γ
1
3b2
1 /|k|τ ) ·
1
m2
−
∑
0<|k|≤Km
L4(γ
1
2b2
1 /|k|τ ) ·
1
m2
− 2
∑
|k|≤Km
L3(γ
1
4b2
1 /|k|τ−1) ·
1
m2
= MeasΠm − γµ1 ·
1
1 +Km−1
− γ
1
4b2
1 ·
1
m2
,
which ends the proof of (4.9). 
5. convergence
Let D( s1
2
, 0, 0) ⊂ ⋂∞m=1D(sm, rm, rm),Φ = Π∞m=1Φm and Πγ1 = ⋂∞m=1 Πm. By the Lemma 3.1, we
conclude that Φ, DΦ, Hm, XHm converge uniformly on the domain D(
s1
2
, 0) × Πγ1 = D( 716s0, 0, 0) ×
Π 3
4
γ0
with
H∞(x, y, z
∗, z¯∗, ξ) : lim
m→∞
Hm = N˘(y, z
∗, z¯∗, ξ) + R˘(x, y, z∗, z¯∗, ξ),
where
N˘ = N˘x(ξ) + 〈ω˘(ξ), y〉+ 〈Ω˘(ξ)z, z¯〉+ 〈N˘z0(ξ), z0〉+ 〈N˘ z¯0(ξ), z¯0〉
+〈N˘z0z0(ξ)z0, z0〉+ 〈N˘z0 z¯0(ξ)z0, z¯0〉+ 〈N˘ z¯0z¯0(ξ)z¯0, z¯0〉,
and
R˘(x, y, z∗, z¯∗, ξ) =
∑
k,α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
R˘kαβγ(ξ)yα{z∗}β{z¯∗}γei〈k,x〉.
Moreover, the following estimates hold:
(1) for each ξ ∈ Π1, the symplectic map
Φ : D(s, r, r)× Π→ D( 7
16
s, 0, 0)× Πγ ,
satisfies:
‖Φ− id‖D( 7
16
s,0,0),Πγ
⋖ ε;
and
‖DΦ− Id‖D( 7
16
s,0,0),Πγ
⋖ ε;
(2) the frequencies ω˘(ξ) and Ω˘(ξ) satisfy:
|ω˘(ξ)− ω(ξ)|Πγ + |Ω˘(ξ)−Ω(ξ)|−δ,Πγ ⋖ ε;
(3) the perturbation R˘(x, y, z∗, z¯∗, ξ) satisfies:
‖XR˘‖D( 7
16
s0,0,0),Πγ
⋖ ε;(5.1)
(4) the measure of the Πγ satisfies:
MeasΠγ ≥ (MeasΠ1)(1−O(γν)),(5.2)
where ν = min{µ, 1
4b2
}.
Proof. See the details in [28]. 
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6. Proof of Theorem 1.1
Proof. In view of Lemma 4.1, we get
H˘ = N˘(y, z∗, z¯∗, ξ) + R˘(x, y, z∗, z¯∗, ξ),
where
N˘(x, y, z∗, z¯∗, ξ) = N˘x(ξ) + 〈ω˘(ξ), y〉+ 〈Ω˘(ξ)z, z¯〉+ 〈N˘z0(ξ), z0〉+ 〈N˘ z¯0(ξ), z¯0〉(6.1)
+〈N˘z0z0(ξ)z0, z0〉+ 〈N˘z0z¯0(ξ)z0, z¯0〉+ 〈N˘ z¯0z¯0(ξ)z¯0, z¯0〉,
and
R˘(x, y, z∗, z¯∗, ξ) =
∑
k∈Zn,α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
̂˘Rkαβγ(k, ξ)yα{z∗}β{z¯∗}γei〈k,x〉.(6.2)
If N˘z0(ξ) = 0 and N˘ z¯0(ξ) = 0, then the corresponding Hamiltonian equation defined by (1.5) can
be written into the form
(6.3)

x˙ = ∂H˘
∂y
= ω˘(ξ) +O(|y|+ ‖z‖a,p),
y˙ = ∂H˘
∂x
= O(|y|2 + |y|‖z‖a,p + ‖z‖3a,p),
z˙0 = i
∂H˘
∂z¯0
= i(N˘z0z¯0(ξ)z0 + 2N˘
z¯0 z¯0(ξ)z¯0 + N˘
z¯0(ξ) +O(|y|+ ‖z‖2a,p)),
˙¯z0 = −i ∂H˘∂z0 = −i(2N˘
z0z0(ξ)z0 + N˘
z0z¯0(ξ)z¯0 + N˘
z0(ξ) +O(|y|+ ‖z‖2a,p)),
z˙j = i
∂H˘
∂z¯j
= i(Ω˘j(ξ)zj +O(|y|+ ‖z‖2a,p)), j ∈ N+ \ J ,
˙¯zj = −i ∂H˘∂zj = −i(Ω˘j(ξ)z¯j +O(|y|+ ‖z‖
2
a,p)), j ∈ N+ \ J .
It is easy to verify that
T n0 = Tn × {y = 0} × {z∗ = 0} × {z¯∗ = 0}
is an embedding torus of the Hamiltonian vector field XH˘ with frequency ω˘. Moreover, Φ(T n0 × {ξ})
is the invariant torus of the original Hamiltonian function H . We finish the proof of the existence of
KAM torus in this case.
If N˘z0(ξ) 6= ~0 or N˘ z¯0(ξ) 6= ~0, then we can let
(
|N˘z0 (ξ)|22 + |N˘ z¯0(ξ)|22
) 1
2
= δ0 > 0. Since lim
m→∞
Ĵz0m (ξ) =
N˘z0(ξ) and lim
m→∞
Ĵ z¯0m (ξ) = N˘
z¯0(ξ), there exists a fixed m0 such that for any m > m0,√
|Jz0m (ξ)|22 + |J z¯0m (ξ)|22 ≥
δ0
2
.(6.4)
More exactly, we will choose sufficiently large m such that
δ0 > 20ε
7
6
m−1.(6.5)
Thus, considering Hm(x, y, z
∗, z¯∗, ξ) = Nm(y, z
∗, z¯∗, ξ) +Rm(x, y, z
∗, z¯∗, ξ), one obtains
(6.6)

x˙ = ∂Hm
∂y
= ωm(ξ) +
∂Rm
∂y
,
y˙ = − ∂Hm
∂x
= − ∂Rm
∂x
,
z˙0 = i
∂Hm
∂z¯0
= i
(
Ĵ z¯0m (ξ) + Ĵ
z0z¯0
m (ξ)z0 + 2Ĵ
z¯0 z¯0
m (ξ)z¯0 +
∂Rm
∂z¯0
)
,
˙¯z0 = −i ∂Hm∂z0 = −i
(
Ĵz0m (ξ) + 2Ĵ
z0z0
m (ξ)z0 + Ĵ
z0 z¯0
m (ξ)z¯0 +
∂Rm
∂z0
)
,
z˙j = i
∂Hm
∂z¯j
= i
(
Ωjm(ξ)zj +
∂Rm
∂z¯j
)
, j ∈ N+ \ J ,
˙¯zj = −i ∂Hm∂zj = −i
(
Ωjm(ξ)z¯j +
∂Rm
∂zj
)
, j ∈ N+ \ J ,
on D(sm, rm, rm).
Let
X0 =
(
z0
z¯0
)
, Xj =
(
zj
z¯j
)
, j ∈ N+ \ J ,
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and
α0 =
(
iĴz0m (ξ)
−iĴ z¯0m (ξ)
)
.
We also let
A0 =
(
iĴz0z¯0m (ξ) 2iĴ
z¯0 z¯0
m (ξ)
−2iĴz0z0m (ξ) −iĴz0z¯0m (ξ)
)
, Aj =
(
iΩj(ξ) 0
0 −iΩj(ξ)
)
,
and
g0 =
(
i ∂Rm
∂z¯0
−i ∂Rm
∂z0
)
, gj =
(
i ∂Rm
∂z¯j
−i ∂Rm
∂zj
)
, j ∈ N+ \ J ,
for any j ∈ N+ \ J .
Then the last four equations of (6.6) can be written into the form
X˙0 = α0 +A0X0 + g0, X˙j = AjXj + gj , j ∈ N+ \ J ,(6.7)
respectively.
Let us pass to the new variables
X˜0 = e
A0tX0, X˜j = e
AjtXj , j ∈ N+ \ J ,(6.8)
and rewritten (6.7) as
˙˜X0 = e
−A0tα0 + g˜0,
˙˜Xj = g˜j , j ∈ N+ \ J ,(6.9)
where
g˜0 = e
−A0tg0, g˜j = e
−Ajtgj , j ∈ N+ \ J .
Since
‖A0‖ = sup
|x|2 6=0
|A0x|2
|x|2 ≤ 2bε0 ≪ 1, x ∈ C
2b,
then for any 0 ≤ t ≤ 1, one has
‖e−A0t‖ =
∥∥∥∥∥∥E +
∑
k≥1
(−A0t)k
k!
∥∥∥∥∥∥ ≤ 1 +
∑
k≥1
‖A0‖k
k!
< 2,(6.10)
and
‖e−A0t‖ =
∥∥∥∥∥∥E +
∑
k≥1
(−A0t)k
k!
∥∥∥∥∥∥ ≥ 1−
∑
k≥1
‖A0‖k
k!
>
1
2
.(6.11)
Fix an initial value ‖z∗(0)‖a,p + ‖z¯∗(0)‖a,p ≤ ε
7
6
m−1. Since
‖z∗(0)‖2a,p =
∑
jm∈J
|zjm (0)|2j2pm e2ajm +
∑
j∈N+\J
|zj(0)|2j2pe2aj ,
and
‖z¯∗(0)‖2a,p =
∑
jm∈J
|z¯jm (0)|2j2pm e2ajm +
∑
j∈N+\J
|z¯j(0)|2j2pe2aj ,
then one has ∑
jm∈J
|X0m(0)|22j2pm e2ajm +
∑
j∈N+\J
|Xj(0)|22j2pe2aj
 12 ≤ √2(‖z∗(0)‖a,p + ‖z¯∗(0)‖a,p),
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where X0m =
(
zjm
z¯jm
)
for any jm ∈ J and Xj =
(
zj
z¯j
)
for any j ∈ N+ \ J .
It follows from (6.8) that ∑
jm∈J
|X˜0m(0)|22j2pm e2ajm +
∑
j∈N+\J
|X˜j(0)|22j2pe2aj
 12 ≤ √2ε 76m−1.(6.12)
Note
‖X˜0(0)‖2la,p =
∑
jm∈J
|X˜0m(0)|22j2pm e2ajm ,(6.13)
and
‖g0‖2la,p =
∑
jm∈J
|g0m(0)|22j2pm e2ajm .(6.14)
By integrating t from 0 to 1 of (6.9), one thus obtains∣∣∣∣X˜0(1)− ∫ 1
0
e−A0tα0dt
∣∣∣∣
2
≤
√
2|X˜0(0)|2 +
√
2
∫ 1
0
|g˜0|2dt
≤
√
2|X˜0(0)|2 + 2
√
2
∫ 1
0
|g0|2dt (by (6.10) )
≤
√
2‖X˜0(0)‖la,p + 2
√
2
∫ 1
0
‖g0‖la,pdt (by (6.13) and (6.14))
≤
√
2‖X˜0(0)‖la,p + 4
∫ 1
0
‖XRm‖Dm×Πmdt
≤ 2ε
7
6
m−1 + 4εm (by (6.12) )
≤ 3ε
7
6
m−1.
Consequently, we obtain
|X˜0(1)|2 ≥
∣∣∣∣∫ 1
0
e−A0tα0dt
∣∣∣∣
2
− 3ε
7
6
m−1(6.15)
≥ δ0
4
− 3ε
7
6
m−1 (by (6.4) and (6.11))
> 2ε
7
6
m−1 (by (6.5)),
which implies that no invariant torus exists in the domain ∑
jm∈J
|X˜0m(0)|22j2pm e2ajm +
∑
j∈N+\J
|X˜j(0)|22j2pe2aj
 12 ≤ √2ε 76m−1.
Let Ξm = {(x, y, z∗, z¯∗) : |ℑx| ≤ sm, |y| ≤ r2m, ‖z∗‖a,p + ‖z¯∗‖a,p ≤ ε
7
6
m−1} and Φm−1 = Πm−1j=0 Φj . It
follows from (6.15) that there exists no invariant torus for the Hamiltonian system defined by (1.5)
on Φm−1(Ξm × {ξ}). 
7. application to NLS
We discuss the nonlinear Schro¨dinger equation
(7.1) iut − uxx + |u|2u = 0
on the finite x-interval [0, 2π] with periodic boundary conditions
u(t, x) = u(t, x+ 2π) = 0, u(x, t) = u(−x, t).
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Denote the Sobolev space of complex valued L2-functions [0, 2π] with an L2-derivative and vanishing
boundary values by P =W 10 ([0, 2π]). With the inner product
〈u, v〉 = Re
∫ 2π
0
uvdx,
and the Hamiltonian
H =
1
2
〈Au, u〉+ 1
4
∫ 2π
0
|u|4dx
where A = − d2
dx2
, the system can be written in the Hamiltonian form
u˙ = i∇H(u)
the gradient of H is defined with respect to 〈·, ·〉, and the dot indicates differentiation with respect to
time.
Denote N = {0, 1, ..., n, ...} and N+ = {1, ..., n, ...}. Letφ0(x) =
√
1
2π
, λ0 = 0,
φj(x) =
√
1
π
cos jx, λj = j
2, j ∈ N+,
be the basic modes and their frequencies for the linear Schro¨dinger equation iut−uxx = 0 with periodic
boundary conditions. We rewrite H as a Hamiltonian in infinitely many coordinates by making the
ansatz
u(t, x) =
∑
j∈N
qj(t)φj(x).
The coordinates are taken from the Hilbert space la,p of all complex-valued sequences q = (q0, q1, ...)
with
||q||2a,p = |q0|2 +
∑
j∈N+
|qj |2j2pe2aj <∞,
where a > 0 and p > 1
2
will be fixed later.
We then obtain the Hamiltonian
H = Λ+G =
1
2
∑
j∈N
λj |qj |2 + 1
4
∫ 2π
0
|u|4dx(7.2)
on the phase space la,p with the symplectic structure i
∑
j∈N dqj
∧
dq¯j . The corresponding equation is
q˙j = 2i
∂H
∂q¯j
, j ∈ N.(7.3)
Lemma 7.1. Let a > 0 and p > 1
2
. If a curse I → la,p, t 7→ q(t) is an analytic solution of (7.3), then
u(t, x) =
∑
j∈N
qj(t)φj(x),
is a solution of (7.3) which is analytic on I × [0, 2π].
Proof. More details can be found in [23]. 
For the nonlinearity |u|2u, we find
G =
1
4
∫ 2π
0
|u|4dx = 1
4
∑
i,j,k,l
Gijklqiqj q¯k q¯l(7.4)
with
Gijkl =
∫ 2π
0
φiφjφkφldx.
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Proposition 7.2. From the Hamiltonian H = Λ + G with the nonlinearity (7.4), there exists a real
analytic, symplectic change coordinates Γ in some neighborhood of the origin in la,p that takes the
Hamiltonian (7.2) into
H ◦ Γ = Λ + G¯+K,(7.5)
where Hamiltonian vector fields XG¯ and XK are real analytic vector fields in a neighborhood of the
origin in la,p,
G¯ =
∑
i,j∈N
G¯ij |qi|2|qj |2, |K| = O(||q||6a,p),(7.6)
with uniquely determined coefficients G¯ij = Giijj =
{
2+δij
16π
, i, j ∈ N+,
1
8π
, either one of i, j = 0 or both.
In addi-
tion, K(q, q¯) =
∑
a,a′
Kaa′
∏∞
n=0 q
an
n q¯
a′n
n (a, a
′ ∈ NN) has properties : Kaa′ = 0 if
∑
n
(an − a′n)n 6= 0 and∑
n
an + a
′
n is even (≥ 6) for any monomial
∏∞
n=0 q
an
n q¯
a′n
n .
Proof. Let Γ = XtF |t=1 be the time-1-map of the flow of the Hamiltonian vector field XF given by
the Hamiltonian
F =
1
4
∑
i,j,k,l
Fijklqiqj q¯k q¯l.
Expanding at t = 0 and using Taylor’s formula we have
H ◦ Γ = Λ + (G+ {Λ, F}) +O(||q||6a,p)
= Λ + G¯ +K
with
{Λ, F} = −1
4
i
∑
i,j,k,l
(λi + λj − λk − λl)Fijklqiqj q¯kq¯l.
Let
iFijkl =
{
Gijkl
λi+λj−λk−λl
for i± j ± k ± l = 0 and {i, j} 6= {k, l},
0 otherwise.
Thus we have
G¯ =
∑
i,j∈N
G¯ij |qi|2|qj |2
with
G¯ij = Giijj =
{
2+δij
16π
, i, j ∈ N+,
1
8π
, either one of i, j = 0 or both.
Next we prove K(q, q¯) =
∑
a,a′
Kaa′
∏∞
n=0 q
an
n q¯
a′n
n (a, a
′ ∈ NN) which has the properties that Kaa′ = 0
if
∑
n
(an − a′n)n 6= 0 and
∑
n
an + a
′
n is even (≥ 6) for any monomial
∏∞
n=0 q
an
n q¯
a′n
n .
Since
K = {G, F}+ 1
2!
{{Λ, F}, F}+ 1
2!
{{G, F}, F}
+ · · ·+ 1
n!
{· · ·{Λ, F} · ··, F}+ 1
n!
{· · ·{G, F} · ··, F}+ · · ·
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We first consider {G, F}, due to
G(q, q¯) =
∑
a,a′,
∑
n
n(an−a′n)=0
Gaa′
∞∏
n=0
qann q¯
a′n
n ,
F (q, q¯) =
∑
b,b′,
∑
n
n(bn−b′n)=0
Fbb′
∞∏
n=0
qbnn q¯
b′n
n ,
then
{G, F} = i
∑
n
(
∂G
∂qn
∂F
∂q¯n
− ∂G
∂q¯n
∂F
∂qn
)
= i
∑
a,a′,
∑
n
n(an−a
′
n)=0,
b,b′,
∑
n
n(bn−b
′
n)=0
Gaa′Fbb′
∑
j
 ∞∏
n6=j
qan+bnn q¯
a′n+b
′
n
n
((ajb′j − a′jbj)qaj+bj−1j q¯a′j+b′j−1j )
= i
∑
j
∑
∗
(ajb
′
j − a′jbj)Gaa′Fbb′
∞∏
n=0
qcnn q¯
c′n
n ,
where ∑
∗
=
∑
a,a′,b,b′
when n6=j,an+bn=cn,a′n+b
′
n=c
′
n,
when n=j,an+bn−1=cn,a′n+b′n−1=c′n
.
It follows easily that for every monomial, one has∑
n
n(cn − c′n) =
∑
n6=j
n(an + bn − a′n − b′n) + j(aj + bj − 1− a′j − b′j + 1) = 0,
and ∑
n
cn + c
′
n =
∑
n6=j
(an + bn + a
′
n + b
′
n) + (aj + bj − 1 + a′j + b′j − 1)
=
∑
n
(an + a
′
n) +
∑
n
(bn + b
′
n)− 2.
Analogously, 1
n!
{· · ·{Λ, F} · ··, F} and 1
n!
{· · ·{G, F} · ··, F} have also this properties. Therefore, K has
also this properties. 
Now our Hamiltonian is
H = Λ+ G¯+K =
∑
j≥0
λj |qj |2 +
∑
i,j
G¯ij |qi|2|qj |2 +O(||q||6a,p),
where
G¯ij =
{
2+δij
16π
, i, j ∈ N+,
1
8π
, either one of i, j = 0 or both.
Then consider the 4-order term G¯. By some simple calculations, one obtains
1
8π
|q0|4 + 3
16π
∑
j∈N+
|qj |4 + 1
8π
∑
i,j∈N+,i6=j
|qi|2|qj |2
=
1
16π
∑
j∈N+
|qj |4 + 1
8π
∑
j∈N
|qj |2
2 .(7.7)
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Observe that the equation (7.1) has a conservation
∫
T
|u|2dx, that is, ∑
j∈N
|qj |2 = C. Thus, (7.7) becomes
D + C
2
8π
, where
D =
1
16π
∑
j∈N∗
|qj |4.
Fix a positive n. Pick a set
J = {j1 < j2 < ... < jn} ⊆ N+,
and take ξ = (ξ1, ..., ξn) ∈ Π ⊂ Rn as parameters, where Π is a closed bounded set a positive Lebesgue
measure. Introduce symplectic polar and real coordinates (x, y, z∗, z¯∗) by setting{
qjb =
√
ξb + ybe
−ixb , b = 1, ..., n,
qj = z
∗
j , j /∈ J,
where z∗ = (z0, z). Then we have, up to a constant term, Hamiltonian (7.5) can be rewritten as
H = N +R(7.8)
=
∑
1≤b≤n
ωbyb +
∑
j /∈J
Ωjz
∗
j z¯
∗
j +R(x, y, z
∗, z¯∗, ξ)
= 〈ω(ξ), y〉+ 〈Ω(ξ)z, z¯〉+R(x, y, z∗, z¯∗, ξ),(7.9)
where ω(ξ) = (ω1(ξ), ..., ωb(ξ)), Ω(ξ) = (Ωj(ξ))j /∈J are given by
ω(ξ) = α+ Aξ,(7.10)
Ω(ξ) = β +Bξ(7.11)
and α = (λj1 , ..., λjb), β = (λj)j /∈J , A = (G¯jkjl )1≤k,l≤b, B = (G¯jkj)1≤k≤b,j /∈J = 0. R is just K +
O(|y|2)+O(|y|‖z‖2a,p)+O(‖z‖4a,p) with the variables qb, q¯b, b = 1, ..., n expressed in terms of y and x.
In addition, R is analytic in x, y, z, z¯ in a sufficiently small neighborhood of the origin, and analytic
in ξ lying on the closed bounded set Π in the sense of Whitney.
In order to apply the above theorem 1.1, all notations are the same as Theorem 1.1 in the following
parts. Then the corresponding terms are
N0(y, z
∗, z¯∗, ξ) = 〈ω0, y〉+ 〈Ω00z0, z¯0〉+ 〈Ω0z, z¯〉(7.12)
=
∑
jb∈J
ωb0yb + Ω
0
0z0z¯0 +
∑
j∈N+\J
Ωj0zj z¯j ,
with ωb0 = j
2
b +
1
16π
ξb for b = 1, 2, ...n and Ω
0
0 = 0, Ω
j
0 = j
2 for j ∈ N+ \ J ;
R0(x, y, z
∗, z¯∗, ξ) = Rlow0 (x, y, z
∗, z¯∗, ξ) +Rhigh0 (x, y, z
∗, z¯∗, ξ),
where
Rlow0 (x, y, z
∗, z¯∗, ξ) =
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≤2
Rαβγ0 (x, ξ)y
α{z∗}β{z¯∗}γ(7.13)
= Rx0 (x, ξ) + 〈Ry0(x, ξ), y〉+ 〈Rz0(x, ξ), z〉+ 〈Rz¯0(x, ξ), z¯〉
+〈Rzz0 (x, ξ)z, z〉+ 〈Rzz¯0 (x, ξ)z, z¯〉+ 〈Rz¯z¯0 (x, ξ)z¯, z¯〉
+〈Rz00 (x, ξ), z0〉+ 〈Rz¯00 (x, ξ), z¯0〉+ 〈Rz0z00 (x, ξ)z0, z0〉
+〈Rz0z¯00 (x, ξ)z0, z¯0〉+ 〈Rz¯0z¯00 (x, ξ)z¯0, z¯0〉+ 〈Rz0z0 (x, ξ)z0, z〉
+〈Rz¯0z0 (x, ξ)z¯0, z〉+ 〈Rz0z¯0 (x, ξ)z0, z¯〉+ 〈Rz¯0z¯0 (x, ξ)z¯0, z¯〉,
and
Rhigh0 (x, y, z
∗, z¯∗, ξ) =
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
Rαβγ0 (x, ξ)y
α{z∗}β{z¯∗}γ .(7.14)
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After introducing action-angle coordinates for tangential variables, the monomials of R0 take the
form
eik1x1+···+iknxnym11 · · · ymnn zl00 z¯l
′
0
0
∏
j∈N+\J
z
lj
j z¯
l′j
j ,(7.15)
with
−
∑
1≤b≤n
kbjb +
∑
j∈N+\J
(lj − l′j)j = 0.(7.16)
Lemma 7.3. If |k| is even, the corresponding Fourier coefficients of R0 in (7.13) satisfy:
R̂z00 (k) = R̂
z¯0
0 (k) = 0,(7.17)
R̂
zj
0 (k) = R̂
z¯j
0 (k) = 0, j ∈ N+ \ J,(7.18)
R̂
ybz0
0 (k) = R̂
ybz¯0
0 (k) = R̂
ybzj
0 (k) =
̂
R
ybz¯j
0 (k) = 0, 1 ≤ b ≤ n, j ∈ N+ \ J,(7.19)
̂
R
z
l0
0
z¯
l′
0
0
z
lj
j
z¯
l′
j
j
0 (k) = 0, l0 + l
′
0 + lj + l
′
j = 3 and j ∈ N+ \ J.(7.20)
Proof. Since
qjb =
√
ξb + ybe
−ixb = (ξb + yb)
1
2 e−ixb = ξ
1
2
b
(
1 +
yb
ξb
) 1
2
e−ixb
= ξ
1
2
b
(
1 +
1
2
yb
ξb
− 1
8
(
yb
ξb
)2)
e−ixb , b = 1, ..., n,
and
qj = zj , j /∈ J,
then the monomials of the Hamiltonian P = P (q, q¯) =
∑
a,a′
Paa′
∏∞
n=0 q
an
n q¯
a′n
n take the form
eiδ1x1+···+iδnxnym11 · · · ymnn zl00 z¯l
′
0
0
∏
j∈N+\J
z
lj
j z¯
l′j
j ,
where {
qjb =
√
ξb + ybe
iδbxb , δb = −1,
q¯jb =
√
ξb + ybe
iδbxb , δb = 1.
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The corresponding coefficients of P are as follows:
P yb(x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb=0
(√
ξiξkξbe
i(δixi+δkxk) +
1
2
√
ξiξkξl/ξbe
i(δixi+δkxk+δlxl−xb)
)
,
P z0(x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb=0
√
ξiξkξle
i(δixi+δkxk+δlxl), P̂ z0(0, ξ) = 0,
P z¯0(x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb=0
√
ξiξkξle
i(δixi+δkxk+δlxl), P̂ z¯0(0, ξ) = 0,
P zj (x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb−j=0
√
ξiξkξle
i(δixi+δkxk+δlxl), P̂ zj (0, ξ) = 0, j ∈ N∗ \ J
P z¯j (x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb+j=0
√
ξiξkξle
i(δixi+δkxk+δlxl), P̂ z¯j (0, ξ) = 0, j ∈ N∗ \ J
P ybz0(x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb=0
(√
ξiξbe
iδixi +
1
2
√
ξiξk/ξbe
i(δixi+δkxk−xb)
)
, P̂ z0(0, ξ) = 0,
P ybz¯0(x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb=0
(√
ξiξbe
iδixi +
1
2
√
ξiξk/ξbe
i(δixi+δkxk−xb)
)
, P̂ z¯0(0, ξ) = 0,
P ybzj (x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb−j=0
(√
ξiξbe
iδixi +
1
2
√
ξiξk/ξbe
i(δixi+δkxk−xb)
)
, P̂ ybzj (0, ξ) = 0,
P ybz¯j (x, ξ) =
∑
a,a′
Paa′
∑
∑
1≤b≤n
δbjb+j=0
(√
ξiξbe
iδixi +
1
2
√
ξiξk/ξbe
i(δixi+δkxk−xb)
)
, P̂ ybz¯j (0, ξ) = 0,
and
P z
l0
0
z¯
l′
0
0
z
lj
j
z¯
l′
j
j (x, ξ) =
∑
a,a′
Paa′
∑
δbjb+
∑
j∈N+\J
(lj−l
′
j
)j=0
√
ξbe
iδbxb ,
̂
P z
l0
0
z¯
l′
0
0
z
lj
j
z¯
l′
j
j (0, ξ) = 0,
with l0 + l
′
0 + lj + l
′
j = 3 and j ∈ N+ \ J .
Since R0 has the same structure with P , (7.17), (7.18), (7.19) and (7.20) can be obtained in the same
way. 
In order to use the Theorem 1.1 above, we have to verify that whether the values of R˘z00 (0, ξ) and
R˘z¯00 (0, ξ) are equal to 0. Since
R˘z00 (0, ξ) = 0, R˘
z¯0
0 (0, ξ) = 0,
then for each ξ ∈ Πγ , the map Φ restricted to Tn × {ξ} is a real analytic embedding of a rotational
torus with the frequencies ω∗ for the Hamiltonian H at ξ; otherwise in the small neighborhood of
initial data, non-invariant torus exists.
7.1. Some computation. In fact, one has
R˘z00 (ξ) = N̂
z0
∞ (ξ) = lim
m→∞
N̂z0m (ξ) =
∞∑
m=1
R̂z0m (0, ξ),
and R̂z00 (0, ξ) = 0. It is obvious that we have to estimate the value of R̂
z0
m (0, ξ) for any m. In the
following, we will complete it step by step.
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Expanding H0 ◦XtF0 |t=1, we obtain the homological equation
(7.21) {N0, F0}+Rlow0 = N1 −N0.
Now we get new Hamiltonian
H1 = N1 +R1,
where
N1 = N0 + N̂0,
and
R1 =
∫ 1
0
{(1− t)N̂0 + tRlow0 , F0} ◦XtF0dt+Rhigh0 ◦X1F0 .
First of all, we begin to verify Rz01 = 0. For the convenience of notations, we note z = (z1, ..., zj , ...)
for any j ≥ 1 while z0 will be represented alone.
Denote
P0 =
∫ 1
0
{(1− t)N̂0 + tRlow0 , F0} ◦XtF0dt,
and
Q0 = R
high
0 ◦X1F0 .
It follows easily that
R̂z01 (0, ξ) = P̂
z0
0 (0, ξ) + Q̂
z0
0 (0, ξ).
Lemma 7.4. P̂ z00 (0, ξ) = 0.
Proof. By using Taylor formula, one has
(1− t)N̂0 + tRlow0 , F0} ◦XtF0(7.22)
= {(1− t)N̂0 + tRlow0 , F0}+ {{(1− t)N̂0 + tRlow0 , F0}, F0}t + ...
+
1
n!
{...{(1 − t)N̂0 + tRlow0 , F0}, F0}..., F0}tn + ....
Let
P1 = {(1− t)N̂0 + tRlow0 , F0}
where P1 is of the same form as R0:
P1 = {(1− t)N̂0 + tRlow0 , F0}
= P x1 (x, ξ) + 〈P y1 (x, ξ), y〉+ 〈P z1 (x, ξ), z〉+ 〈P z¯1 (x, ξ), z¯〉
+〈P zz1 (x, ξ)z, z〉+ 〈P zz¯1 (x, ξ)z, z¯〉+ 〈P z¯z¯1 (x, ξ)z¯, z¯〉
+〈P z01 (x, ξ), z0〉+ 〈P z¯01 (x, ξ), z¯0〉+ 〈P z0z01 (x, ξ)z0, z0〉
+〈P z0z¯01 (x, ξ)z0, z¯0〉+ 〈P z¯0z¯01 (x, ξ)z¯0, z¯0〉+ 〈P z0z1 (x, ξ)z0, z〉
+〈P z¯0z1 (x, ξ)z¯0, z〉+ 〈P z0z¯1 (x, ξ)z0, z¯〉+ 〈P z¯0z¯1 (x, ξ)z¯0, z¯〉,
and let
P2 = {P1, F0}, ...Pn = {Pn−1, F0}, ...,
where P2, ..., Pn has the same form as P1. Thus
P0 =
∫ 1
0
(P1 + P2t+ ...+ Pn+1
tn
n!
+ ...)dt,
and more precisely,
R̂z01 (0, ξ) =
∫ 1
0
(P̂ z01 (0, ξ) + P̂
z0
2 (0, ξ)t+ ...+ P̂
z0
n+1(0, ξ)
tn
n!
+ ...)dt.(7.23)
43
Due to
P1 = {(1− t)N̂0 + tRlow0 , F0}
= (1− t)
(
∂N̂0
∂x
∂F0
∂y
− ∂N̂0
∂y
∂F0
∂x
+i
(
∂N̂0
∂z0
∂F0
∂z¯0
− ∂N̂0
∂z¯0
∂F0
∂z0
+
∂N̂0
∂z
∂F0
∂z¯
− ∂N̂0
∂z¯
∂F0
∂z
))
+t
(
∂Rlow0
∂x
∂F0
∂y
− ∂R
low
0
∂y
∂F0
∂x
+i
(
∂Rlow0
∂z0
∂F0
∂z¯0
− ∂R
low
0
∂z¯0
∂F0
∂z0
+
∂Rlow0
∂z
∂F0
∂z¯
− ∂R
low
0
∂z¯
∂F0
∂z
))
,
by some calculations, we have the followings which can be divided into two categories:
Case. 1. The 0-th Fourier coefficients of the following functions equal to 0.
P z01 (x, ξ) = (1− t)(−ω̂0∂xF z00 − iΩ̂00F z00 ) + t(∂xRz00 F y0 − ∂xF z00 Ry0)
+it
(
2Rz0z00 F
z¯0
0 − 2Rz¯00 F z0z00 +Rz00 F z0z¯00 −Rz0z¯00 F z00
+Rz0z0 F
z¯
0 −Rz¯0F z0z0 +Rz0F z0z¯0 −Rz0z¯0 F z0
)
,
P z¯01 (x, ξ) = (1− t)(−ω̂0∂xF z¯00 − iΩ̂00F z¯00 ) + t(∂xRz¯00 F y0 − ∂xF z¯00 Ry0)
+it(2Rz00 F
z¯0z¯0
0 − 2Rz¯0 z¯00 F z00 +Rz0z¯00 F z¯00 −Rz¯00 F z0z¯00
+Rz¯0z0 F
z¯
0 −Rz¯0F z¯0z0 +Rz0F z¯0z¯0 −Rz¯0z¯0 F z0 ),
P
zj
1 (x, ξ) = (1− t)(−ω̂0∂xF zj0 − iΩ̂j0F zj0 ) + t(∂xRzj0 F y0 − ∂xF zj0 Ry0)
+it(R
z0zj
0 F
z¯0
0 −Rz¯00 F z0zj0 +Rz00 F
zj z¯0
0 −R
zj z¯0
0 F
z0
0
+R
zjz
0 F
z¯
0 −Rz¯0F zjz0 +Rz0F
zj z¯
0 −R
zj z¯
0 F
z
0 ),
P
z¯j
1 (x, ξ) = (1− t)(−ω̂0∂xF z¯j0 − iΩ̂j0F z¯j0 ) + t(∂xRz¯j0 F y0 − ∂xF z¯j0 Ry0)
+it(Rz00 F
z¯0z¯j
0 −Rz¯0z¯j0 F z00 +Rz0z¯j0 F z¯00 −Rz¯00 F z0z¯j0
+R
z¯jz
0 F
z¯
0 −Rz¯0F z¯jz0 +Rz0F
z¯j z¯
0 −R
z¯j z¯
0 F
z
0 ).
Case. 2. The 0-th Fourier coefficients of the following functions are uncertain.
P y1 (x, ξ) = (1− t)(−ω̂0∂xF y0 + t(∂xRy0F y0 − ∂xF y0 Ry0)),
P z0z01 (x, ξ) = (1− t)(−ω̂0∂xF z0z00 + 2iΩ̂00F z0z00 ) + t(∂xRz0z00 F y0 − ∂xF z0z00 Ry0)
+it(2Rz0z00 F
z0z¯0
0 − 2Rz0z¯00 F z0z00 +Rz0z0 F z0z¯0 −Rz0z¯0 F z0z0 ),
P z0z¯01 (x, ξ) = (1− t)(−ω̂0∂xF z0z00 ) + t(∂xRz0z¯00 F y0 − ∂xF z0z¯00 Ry0)
+it(4Rz0z00 F
z¯0z¯0
0 − 4Rz¯0z¯00 F z0z00 +Rz0z0 F z¯0z¯0 −Rz¯0z¯0 F z0z0 +Rz¯0z0 F z0z¯0 −Rz0z¯0 F z¯0z0 ),
P z¯0z¯01 (x, ξ) = (1− t)(−ω̂0∂xF z¯0z¯00 − 2iΩ̂00F z¯0z¯00 ) + t(∂xRz¯0z¯00 F y0 − ∂xF z¯0z¯00 Ry0)
+it(2Rz0z¯00 F
z¯0z¯0
0 − 2Rz¯0z¯00 F z0z¯00 +Rz¯0z0 F z¯0z¯0 −Rz¯0z¯0 F z¯0z0 ),
P
zizj
1 (x, ξ) = (1− t)(−ω̂0∂xF zizj0 + i(Ω̂i0 + Ω̂j0)F zizj0 ) + t(∂xRzizj0 F y0 − ∂xF zizj0 Ry0)
+it(Rz0zi0 F
zj z¯0
0 −Rzj z¯00 F ziz00 +Rziz0 F zj z¯0 −Rzj z¯0 F ziz0 ),
P
ziz¯j
1 (x, ξ) = (1− t)(−ω̂0∂xF
ziz¯j
0 + i(Ω̂
i
0 − Ω̂j0)F
ziz¯j
0 ) + t(∂xR
ziz¯j
0 F
y
0 − ∂xF ziz¯j0 Ry0)
+it(Rz0zi0 F
z¯0z¯j
0 −Rz¯0z¯j0 F z0zi0 +Rziz0 F z¯j z¯0 −Rz¯j z¯0 F ziz0 +Rz0z¯j0 F z¯0zi0 −Rz0z¯j0 F z¯0zi0 )
P
z¯iz¯j
1 (x, ξ) = (1− t)(−ω̂0∂xF z¯iz¯j0 + i(Ω̂i0 + Ω̂j0)F z¯iz¯j0 ) + t(∂xRz¯iz¯j0 F y0 − ∂xF z¯iz¯j0 Ry0)
+it(Rz0z¯i0 F
z¯0z¯j
0 −R
z¯0z¯j
0 F
z0zi
0 +R
z¯iz
0 F
z¯j z¯
0 −R
z¯j z¯
0 F
z¯iz
0 ).
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We firstly consider the term
∂xR
z0
0 F
y
0 − ∂xF z00 Ry0(x, ξ)
=
n∑
j=1
∂xjR
z0
0 F
yj
0 −
n∑
j=1
∂xjF
z0
0 R
yj
0
=
n∑
j=1
∑
k 6=0
ikjR̂
z0
0 (k, ξ)e
i〈k,x〉
∑
l 6=0
F̂
yj
0 (l, ξ)e
i〈l,x〉

−
n∑
j=1
∑
k 6=0
ikjF̂
z0
0 (k, ξ)e
i〈k,x〉
∑
l 6=0
R̂
yj
0 (l, ξ)e
i〈l,x〉

=
n∑
j=1
∑
k 6=0
ikjR̂
z0
0 (k, ξ)e
i〈k,x〉
∑
l 6=0
R̂
yj
0 (l, ξ)
i〈l, ω0〉 e
i〈l,x〉

−
n∑
j=1
∑
k 6=0
ikj
R̂z00 (k, ξ)
i〈k, ω0〉 e
i〈k,x〉
∑
l 6=0
R̂
yj
0 (l, ξ)e
i〈l,x〉

=
n∑
j=1
∑
k,l 6=0
kjR̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
(
1
〈l, ω0〉 −
1
〈k, ω0〉
) .
It follows that
̂(∂xR
z0
0 F
y
0 − ∂xF z00 Ry0)(0, ξ)(7.24)
=
n∑
j=1
 ∑
k,l 6=0,k+l=0
kjR̂
z0
0 (k, ξ)F̂
yj
0 (l, ξ)
(
1
〈l, ω0〉 −
1
〈k, ω0〉
) .
Let
V1 =
{
x|x1 = (0, ...,−1, ..., 1, ...1, 0, ...)T , x2 = (0, ...,−1, ..., 2, ...0, ...)T ,
x3 = (0, ..., 0, ..., 1, ..., 0, ...)
T , x4 = (0, ..., 1, ...,−1, ...,−1, 0, ...)T ,
x5 = (0, ..., 1, ...,−2, ..., 0, ...)T , x6 = (0, ..., 0, ...,−1, ..., 0, ...)T
}
,
V2 =
{
y|y1 = (0, ...,−1, ..., 1, ..., 0, ...)T , y2 = (0, ..., 1, ...,−1, ...0, ...)T ,
y3 = (0, ...1, ...1, ...0, ...)
T , y4 = (0, ...,−1, ...,−1, ..., 0, ...)T ,
y5(0, ..., 0, ..., 2, ..., 0, ...)
T , y6 = (0, ..., 0, ...,−2, ..., 0, ...)T
}
,
where the nonzero elements in the above n-dimension vectors is at any positions.
Observing the structure of R0, it is easy to verify that if and only if k ∈ V1,
R̂z00 (k, ξ) 6= 0,
and if and only if l ∈ V2,
R̂
yj
0 (l, ξ) 6= 0.
In order to estimate (7.24), the equation
k + l = 0, k ∈ V1, l ∈ V2(7.25)
should be solved. If (7.25) has a solution, let v0 = (1, 1, ...1)
T , then (k + l)T v0 = 0. But
k · v0 = ±1,
for any k ∈ V1, and
l · v0 = 0 or ± 2,
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for any l ∈ V2. Clearly, (7.25) is unsolved.
Thus
̂(∂xR
z0
0 F
y
0 − ∂xF z00 Ry0)(0, ξ) = 0.
Similarly, one has
̂(Rz0z00 F
z¯0
0 −Rz¯00 F z0z00 )(0, ξ) = 0,
̂(Rz00 F
z0z¯0
0 −Rz0z¯00 F z00 )(0, ξ) = 0,
̂(Rz0z0 F
z¯
0 −Rz¯0F z0z0 )(0, ξ) = 0,
and
̂(Rz0F
z0z¯
0 −Rz0z¯0 F z0 )(0, ξ) = 0.
Therefore,
P̂ z01 (0, ξ) = 0.
Also, one has
P̂ z01 (0, ξ) = 0,
P̂
zj
1 (0, ξ) = 0,
P̂
z¯j
1 (0, ξ) = 0.
Analogously, the coefficients of P1 can also be written into the form as follows:
Case. 1.
P z01 (x, ξ) =
∑
k 6=0
b1(ξ, t)R̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
b2(ξ, t)R̂
z0z0
0 (k, ξ)R̂
z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
b3(ξ, t)R̂
z0z¯0
0 (k, ξ)R̂
z0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
b4(ξ, t)R̂z¯0(k, ξ)R̂
z0z¯
0 (l, ξ)e
i〈k+l,x〉,
P z¯01 (x, ξ) =
∑
k 6=0
c1(ξ, t)R̂
z¯0
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
c2(ξ, t)R̂
z0z¯0
0 (k, ξ)R̂
z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
c3(ξ, t)R̂
z¯0z¯0
0 (k, ξ)R̂
z0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
c4(ξ, t)R̂z¯0(k, ξ)R̂
z¯0z¯
0 (l, ξ)e
i〈k+l,x〉,
P
zj
1 (x, ξ) =
∑
k 6=0
d1(ξ, t)R̂
zj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l 6=0
d2(ξ, t)R̂
z0zj
0 (k, ξ)R̂
z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l 6=0
d3(ξ, t)
̂
R
zj z¯0
0 (k, ξ)R̂
z0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
d4(ξ, t)R̂z¯0(k, ξ)
̂
R
zj z¯
0 (l, ξ)e
i〈k+l,x〉,
P
z¯j
1 (x, ξ) =
∑
k 6=0
e1(ξ, t)R̂
z¯j
0 (k, ξ)e
i〈k,x〉 +
∑
k,l 6=0
e2(ξ, t)
̂
R
z0z¯j
0 (k, ξ)R̂
z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l 6=0
b3(ξ, t)
̂
R
z¯j z¯0
0 (k, ξ)R̂
z0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
b4(ξ, t)R̂z¯0(k, ξ)
̂
R
z¯j z¯
0 (l, ξ)e
i〈k+l,x〉,
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Case. 2.
P
yj
1 (x, ξ) =
∑
k 6=0
a1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
a2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉,
P z0z01 (x, ξ) =
∑
k 6=0
f1(ξ, t)R̂
z0z0
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
f2(ξ, t)R̂
z0z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
f3(ξ, t)R̂
z0z0
0 (k, ξ)R̂
z0z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
f4(ξ, t)R̂
z0z
0 (k, ξ)R̂
z0z¯
0 (l, ξ)e
i〈k+l,x〉,
P z0z¯01 (x, ξ) =
∑
k 6=0
g1(ξ, t)R̂
z0z¯0
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
g2(ξ, t)R̂
z0z¯0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
f3(ξ, t)R̂
z0z0
0 (k, ξ)R̂
z¯0z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
f4(ξ, t)R̂
z0z
0 (k, ξ)R̂
z¯0z¯
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
f5(ξ, t)R̂
z0z¯
0 (k, ξ)R̂
z¯0z
0 (l, ξ)e
i〈k+l,x〉,
P z¯0z¯01 (x, ξ) =
∑
k 6=0
h1(ξ, t)R̂
z¯0z¯0
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
h2(ξ, t)R̂
z¯0z¯0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
h3(ξ, t)R̂
z0z0
0 (k, ξ)R̂
z¯0z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
h4(ξ, t)R̂
z¯0z
0 (k, ξ)R̂
z¯0z¯
0 (l, ξ)e
i〈k+l,x〉,
P
zizj
1 (x, ξ) =
∑
k
l1(ξ, t)R̂
zizj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l 6=0
l2(ξ, t)R̂
zizj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
l3(ξ, t)R̂
z0zi
0 (k, ξ)
̂
R
zj z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
l4(ξ, t)R̂
ziz
0 (k, ξ)
̂
R
zj z¯
0 (l, ξ)e
i〈k+l,x〉,
P
ziz¯j
1 (x, ξ) =
∑
k
m1(ξ, t)
̂
R
ziz¯j
0 (k, ξ)e
i〈k,x〉 +
∑
k,l 6=0
m2(ξ, t)
̂
R
ziz¯j
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
m3(ξ, t)R̂
z0zi
0 (k, ξ)
̂
R
z¯0z¯j
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
m4(ξ, t)R̂
ziz
0 (k, ξ)
̂
R
z¯j z¯
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
m5(ξ, t)
̂
R
z0z¯j
0 (k, ξ)R̂
z¯0zi
0 (l, ξ)e
i〈k+l,x〉,
P
z¯iz¯j
1 (x, ξ) =
∑
k
n1(ξ, t)
̂
R
z¯iz¯j
0 (k, ξ)e
i〈k,x〉 +
∑
k,l
n2(ξ, t)
̂
R
z¯iz¯j
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
n3(ξ, t)R̂
z0z¯i
0 (k, ξ)
̂
R
z¯0z¯j
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
n4(ξ, t)R̂
z¯iz
0 (k, ξ)
̂
R
z¯j z¯
0 (l, ξ)e
i〈k+l,x〉.
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For the convenience of notations, we omit the specific structures of the terms P z0zi1 , P
z0z¯i
1 , P
z¯0zi
1 and
P z¯0z¯01 , which has the same form with P
zizj
1 for any i, j ∈ N+ \ J .
We now consider the term
P z02 (x, ξ) = ∂xP
z0
1 F
y
0 − P y1 ∂xF z00 + i(2P z0z01 F z¯00 − 2P z¯01 F z0z00
+P z01 F
z0z¯0
0 − P z0z¯01 F z00 + P z0z1 F z0 − P z¯1 F z0z0 + P z1 F z0z0 − P z0z¯1 F z0 ).
Since
∂xP
z0
1 F
y
0 − P y1 ∂xF z00
=
n∑
j=1
∂xjP
z0
1 F
yj
0 −
n∑
j=1
∂xjF
z0
0 P
yj
0
=
n∑
j=1
∑
k 6=0
b1(ξ, t)ikjR̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k 6=0,l 6=0
b2(ξ, t)i(kj + lj)R̂
z¯0
0 (k, ξ)R̂
z0z0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k 6=0,l 6=0
b3(ξ, t)i(kj + lj)R̂
z0
0 (l, ξ)R̂
z0z¯0
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l
b4(ξ, t)i(kj + lj)R̂z¯0(k, ξ)R̂
z0z¯
0 (l, ξ)e
i〈k+l,x〉
∑
m6=0
F̂
yj
0 (m, ξ)e
i〈m,x〉

−
n∑
j=1
∑
k 6=0
ikjF̂
z0
0 (k, ξ)e
i〈k,x〉
∑
l 6=0
a1(ξ, t)R̂
yj
0 (l, ξ)e
i〈l,x〉
+
∑
l 6=0,m6=0
a2(ξ, t)R̂
yj
0 (l, ξ)R̂
yj
0 (m,ξ)e
i〈l+m,x〉
 ,
One then obtains
∂xP
z0
1 F
y
0 − P y1 ∂xF z00
=
n∑
j=1
 ∑
k 6=0,m6=0
p1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (m, ξ)e
i〈k+m,x〉
+
∑
k 6=0,l 6=0,m6=0
p2(ξ, t)R̂
z¯0
0 (k, ξ)R̂
z0z0
0 (l, ξ)R̂
yj
0 (m, ξ)e
i〈k+l+m,x〉
+
∑
k 6=0,l 6=0,m6=0
p3(ξ, t)R̂
z0
0 (k, ξ)R̂
z0z¯0
0 (l, ξ)R̂
yj
0 (m, ξ)e
i〈k+l+m,x〉
+
∑
k,l,m6=0
p4(ξ, t)R̂z¯0(k, ξ)R̂
z0z¯
0 (l, ξ)R̂
yj
0 (m, ξ)e
i〈k+l+m,x〉

−
n∑
j=1
 ∑
k 6=0,m6=0
q1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (m, ξ)e
i〈k+m,x〉
+
∑
k 6=0,l 6=0,m6=0
q2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)R̂
yj
0 (m,ξ)e
i〈k+l+m,x〉
 .
First of all, it is easy to verify that
R̂z00 (k, ξ)R̂
yj
0 (m, ξ) = 0,
when k,m satisfies the equation
k +m = 0, k ∈ V1, m ∈ V2.
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Similarly, one has
R̂z¯00 (k, ξ)R̂
z0z0
0 (l, ξ)R̂
yj
0 (m, ξ) = 0,
R̂z00 (k, ξ)R̂
z0z¯0
0 (l, ξ)R̂
yj
0 (m, ξ) = 0,
R̂z¯0(k, ξ)R̂
z0z¯
0 (l, ξ)R̂
yj
0 (m,ξ) = 0,
R̂z00 (k, ξ)R̂
yj
0 (l, ξ)R̂
yj
0 (m,ξ) = 0,
when k, l,m satisfies the equation
k + l +m = 0, k ∈ V1, l, m ∈ V2.
Hence
P̂ z02 (0, ξ) = 0.
For the same process of computing P̂ z0n+1(0, ξ). That is,
P z0n+1(x, ξ) = ∂xP
z0
n F
y
0 − P yn∂xF z00 + i(2P z0z0n F z¯00 − 2P z¯0n F z0z00
+P z0n F
z0z¯0
0 − P z0z¯0n F z00 + P z0zn F z¯0 − P z¯nF z0z0 + P znF z0z¯0 − P z0z¯n F z0 ),
and we learn that when |k| is even,
S1 =
{
R̂z00 (k, ξ), R̂
z¯0
0 (k, ξ)R̂
z
0(k, ξ)R̂
z¯
0(k, ξ)
}
are all equal to 0, and when |k| is odd,
S2 =
{
R̂
yj
0 (k, ξ), R̂
z0z0
0 (k, ξ), R̂
z0z¯0
0 (k, ξ), R̂
z¯0z¯0
0 (k, ξ), R̂
zizj
0 (k, ξ),
̂
R
ziz¯j
0 (k, ξ),
̂
R
z¯iz¯j
0 (k, ξ), R̂
z0zj
0 (k, ξ),
̂
R
z0z¯j
0 (k, ξ),
̂
R
z¯0zj
0 (k, ξ),
̂
R
z¯0z¯j
0 (k, ξ)
}
are all equal to 0.
Let R̂z00 (k, ξ) represent all the elements of S1 and R̂
yj
0 (k, ξ) represent all the elements of S2.
Then the coefficient of Pn can also be written into the form as follows:
Case. 1.
P z0n (x, ξ) =
∑
k 6=0
s1(ξ, t)R̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
s2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
sn+1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m, ξ)ei〈k+l+...+m,x〉,
P z¯0n (x, ξ) =
∑
k 6=0
t1(ξ, t)R̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
t2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
tn+1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂
yj
0 (m, ξ)e
i〈k+l+...+m,x〉,
P
zj
n (x, ξ) =
∑
k 6=0
u1(ξ, t)R̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
u2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
un+1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m,ξ)ei〈k+l+...+m,x〉,
P
z¯j
n (x, ξ) =
∑
k 6=0
v1(ξ, t)R̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
v2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
vn+1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m,ξ)ei〈k+l+...+m,x〉,
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Case. 2.
P
yj
n (x, ξ) =
∑
k 6=0
r1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
r2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
an+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂
yj
0 (m,ξ)e
i〈k+l+...+m,x〉,
P z0z0n (x, ξ) =
∑
k 6=0
w1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
w2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
wn+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m, ξ)ei〈k+l+...+m,x〉,
P z0z¯0n (x, ξ) =
∑
k 6=0
α1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
α2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
αn+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m, ξ)ei〈k+l+...+m,x〉,
P z¯0z¯0n (x, ξ) =
∑
k 6=0
β1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
β2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
βn+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂
yj
0 (m, ξ)e
i〈k+l+...+m,x〉,
P
zizj
n (x, ξ) =
∑
k 6=0
γ1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
γ2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
γn+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m,ξ)ei〈k+l+...+m,x〉,
P
ziz¯j
n (x, ξ) =
∑
k 6=0
δ1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
δ2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
δn+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m, ξ)ei〈k+l+...+m,x〉,
P
z¯iz¯j
n (x, ξ) =
∑
k 6=0
σ1(ξ, t)R̂
yj
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
σ2(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉 + ...
+
∑
k,l,...,m are not all zero
σn+1(ξ, t)R̂
yj
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m, ξ)ei〈k+l+...+m,x〉.
For the convenience of notations, we omit the specific structures of the terms P z0zin , P
z0z¯i
n , P
z¯0zi
n and
P z¯0z¯0n , which has the same form with P
zizj
n for any i, j ∈ N+ \ J .
We now consider the term
P z0n+1(x, ξ) = ∂xP
z0
n F
y
0 − P yn∂xF z00 + i(2P z0z0n F z¯00 − 2P z¯0n F z0z00
+P z0n F
z0z¯0
0 − P z0z¯0n F z00 + P z0zn F z¯0 − P z¯nF z0z0 + P znF z0z¯0 − P z0z¯n F z0 ).
Consider the term
∂xP
z0
n F
y
0 − P yn∂xF z00 =
n∑
j=1
∂xjP
z0
n F
yj
0 −
n∑
j=1
∂xjF
z0
0 P
yj
n ,
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where
∂xjP
z0
n F
yj
0
=
∑
k 6=0
s1(ξ, t)ikjR̂
z0
0 (k, ξ)e
i〈k,x〉 +
∑
k,l are not all zero
s2(ξ, t)i(kj + lj)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+...+
∑
k,l,...,m are not all zero
sn+1(ξ, t)i(kj + lj + ...+mj)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂
yj
0 (m,ξ)
×ei〈k+l+...+m,x〉
)∑
n6=0
F̂
yj
0 (n, ξ)e
i〈n,x〉

and
∂xjF
z0
0 P
yj
n∑
k 6=0
ikjF̂
z0
0 (k, ξ)e
i〈k,x〉
∑
l 6=0
r1(ξ, t)R̂
yj
0 (l, ξ)e
i〈l,x〉
+
∑
l,m are not all zero
r2(ξ, t)R̂
yj
0 (l, ξ)R̂
yj
0 (m,ξ)e
i〈l+m,x〉 + ...
+
∑
l,...,m,n are not all zero
rn+1(ξ, t)R̂
yj
0 (l, ξ) · · · R̂yj0 (m,ξ)R̂yj0 (n, ξ)ei〈l+...+m+n,x〉
 .
We thus have
∂xP
z0
n F
y
0 − P yn∂xF z00
=
n∑
j=1
 ∑
k,n are not all zero
ρ1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+n,x〉
+
∑
k,l,n are not all zero
ρ2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)R̂
yj
0 (n, ξ)e
i〈k+l+n,x〉 + ...
+
∑
k,l,...,m,n are not all zero
ρn+1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂
yj
0 (m, ξ)R̂
yj
0 (n, ξ)e
i〈k+l+...+m+n,x〉

−
 ∑
k,l are not all zero
κ1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)e
i〈k+l,x〉
+
∑
k,l,m are not all zero
κ2(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ)R̂
yj
0 (m,ξ)e
i〈k+l+m,x〉 + ...
+
∑
k,l,...,m,n are not all zero
κn+1(ξ, t)R̂
z0
0 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m,ξ)R̂yj0 (n, ξ)ei〈k+l+...+m+n,x〉
 .
Due to
R̂z00 (k, ξ)R̂
yj
0 (l, ξ) · · · R̂yj0 (m, ξ)R̂yj0 (n, ξ) = 0,
when all the n+ 1 vectors k, l, ...m, n satisfies the equation
k + l + ...+m+ n = 0, k ∈ V1, l, ..., m,n ∈ V2,
one finally obtains
P̂ z0n+1(0, ξ) = 0.
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Above of all proofs, we have
P̂ z00 (0, ξ) = 0.

We next want to compute the value Qz00 .
Lemma 7.5. Q̂z00 (0, ξ) = 0.
Proof. From Lemma 7.3, Rhigh0 has the same form as P
high. Due to
Rhigh0 ◦X1F0 = Rhigh0 + {Rhigh0 , F0}+
1
2!
{{Rhigh0 , F0}, F0}
+...+
1
n!
{...{{Rhigh0 , F0}, F0}..., F0}+ ....
Denote
Q0 = R
high
0 ◦X1F0 ,
and
Q1 = {Rhigh0 , F0}, Q2 = {Q1, F0}, ..., Qn = {Qn−1, F0}, ...,
one then has
Q0 = R
high +Q1 +
1
2!
·Q2 + ...+ 1
n!
·Qn + ....
More precisely, let
Q1 = {Rhigh0 , F0} = Qlow1 +Qhigh1 ,
where Qlow1 has the form
Qlow1 = Q
x
1(x, ξ) + 〈Qy1(x, ξ), y〉+ 〈Qz1(x, ξ), z〉+ 〈Qz¯1(x, ξ), z¯〉
+〈Qzz1 (x, ξ)z, z〉+ 〈Qzz¯1 (x, ξ)z, z¯〉+ 〈Qz¯z¯1 (x, ξ)z¯, z¯〉
+〈Qz01 (x, ξ), z0〉+ 〈Qz¯01 (x, ξ), z¯0〉+ 〈Qz0z01 (x, ξ)z0, z0〉
+〈Qz0z¯01 (x, ξ)z0, z¯0〉+ 〈Qz¯0z¯01 (x, ξ)z¯0, z¯0〉+ 〈Qz0z1 (x, ξ)z0, z〉
+〈Qz¯0z1 (x, ξ)z¯0, z〉+ 〈Qz0z¯1 (x, ξ)z0, z¯〉+ 〈Qz¯0z¯1 (x, ξ)z¯0, z¯〉,
and Qhigh1 has the form
Qhigh1 = 〈Qyy1 (x, ξ)y, y〉+ 〈Qyz1 (x, ξ)y, z〉+ 〈Qyz¯1 (x, ξ)y, z¯〉+ 〈Qyzz1 (x, ξ)yz, z〉
+〈Qyzz¯1 (x, ξ)yz, z¯〉+ 〈Qyz¯z¯1 (x, ξ)yz¯, z¯〉+ 〈Qyz01 (x, ξ)y, z0〉+ 〈Qyz¯01 (x, ξ)y, z¯0〉
+〈Qyz0z01 (x, ξ)yz0, z0〉+ 〈Qyz0z¯01 (x, ξ)yz0, z¯0〉+ 〈Qyz¯0z¯01 (x, ξ)yz¯0, z¯0〉
+〈Qyz0z1 (x, ξ)yz0, z〉+ 〈Qyz¯0z1 (x, ξ)yz¯0, z〉+ 〈Qyz0z¯1 (x, ξ)yz0, z¯〉
+〈Qyz¯0z¯1 (x, ξ)yz¯0, z¯〉+ 〈Qz¯0zz1 (x, ξ)z¯0z, z〉+ 〈Qz¯zz1 (x, ξ)z¯z, z〉+ 〈Qz0zz¯1 (x, ξ)z0z, z¯〉
+〈Qz¯0zz¯1 (x, ξ)z¯0z, z¯〉+ 〈Qz0z¯z¯1 (x, ξ)z0z¯, z¯〉+ 〈Qzz¯z¯1 (x, ξ)zz¯, z¯〉
+〈Qz¯0z0z01 (x, ξ)z¯0z0, z0〉+ 〈Qz¯z0z01 (x, ξ)z¯z0, z0〉+ 〈Qzz0z¯01 (x, ξ)zz0, z¯0〉
+〈Qz¯z0z¯01 (x, ξ)z¯z0, z¯0〉+ 〈Qz0z¯0z¯01 (x, ξ)z0z¯0, z¯0〉+ 〈Qzz¯0z¯01 (x, ξ)zz¯0, z¯0〉
+〈Qz0z0z0z01 (x, ξ)z0z0, z¯0z¯0〉+ 〈Qz0z0 z¯z¯1 (x, ξ)z0z0, z¯z¯〉+ 〈Qz0z0z¯0z¯1 (x, ξ)z0z0, z¯0z¯〉
+〈Qz0zzz1 (x, ξ)z0z, z¯z¯〉+ 〈Qz0zz¯0z¯01 (x, ξ)z0z, z¯0z¯0〉+ 〈Qz0zz¯0z¯1 (x, ξ)z0z, z¯0z¯〉
+〈Qzzz¯z1 (x, ξ)zz, z¯z¯〉+ 〈Qzzz¯0z¯01 (x, ξ)zz, z¯0z¯0〉+ 〈Qzzz¯0z¯1 (x, ξ)zz, z¯0z¯〉.
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By the definition of Possion Bracket, one has
Case. 1.
Qy1(x, ξ) = −Ryy0 ∂xF x0 + i(Ryz00 F z¯00 −Ryz¯00 F z00 +Ryz0 F z¯0 −Ryz¯0 F z0 ),
Qz01 (x, ξ) = −Ryz00 ∂xF x0 ,
Qz¯01 (x, ξ) = −Ryz¯00 ∂xF x0 ,
Qz1(x, ξ) = −Ryz0 ∂xF x0 ,
Qz¯1(x, ξ) = −Ryz¯0 ∂xF x0 ,
Qyz01 (x, ξ) = ∂xR
yz0
0 F
y
0 −Ryy0 ∂xF z00 + i(Ryz0z00 F z¯00 +Ryz00 F z0z¯00 −Ryz0z¯00 F z00
−Ryz¯00 F z0z00 +Ryz0z0 F z¯0 +Ryz0 F z0z¯0 −Ryz0z¯0 F z0 −Ryz¯0 F z0z0 ),
Qz¯0zz¯1 (x, ξ) = ∂xR
yz¯0zz¯
0 F
y
0 −Ryz¯0z0 ∂xF z¯0 −Ryz¯0z¯0 ∂xF z0 −Ryzz¯0 ∂xF z¯00
−Ryz¯00 ∂xF zz¯0 −Ryz0 ∂xF z¯0z¯0 −Ryz¯0 ∂xF z¯0z0 + i(Rz¯zz00 F z¯0z¯00
−Rz¯0zz¯00 F z¯z00 +Rz¯0z¯z00 F zz¯00 −Rzz¯z¯00 F z¯0z00 +Rz¯0zz0 F z¯z¯0
−Rz¯0zz¯0 F z¯z0 +Rz¯0z¯z0 F zz¯0 −Rzz¯z¯0 F z¯0z0 ).
Case. 2.
Qy1(x, ξ) = −Ryy0 ∂xF x0 + i(Ryz00 F z¯00 −Ryz¯00 F z00 +Ryz0 F z¯0 −Ryz¯0 F z0 ),
Qz0z¯01 (x, ξ) = −Ryz00 ∂xF z¯00 −Ryz¯00 ∂xF z00 −Ryz0z¯00 ∂xF x0
+i(Rz0z¯0z00 F
z¯0
0 −Rz0z¯0z¯00 F z00 +Rz0z¯0z0 F z¯0 −Rz0z¯0 z¯0 F z0 ),
Qz¯0z1 (x, ξ) = −Ryz0 ∂xF z¯00 −Ryz¯00 ∂xF z0 −Ryzz¯00 ∂xF x0
+i(Rzz¯0z00 F
z¯0
0 −Rzz¯0z¯00 F z00 +Rzz¯0z0 F z¯0 −Rzz¯0z¯0 F z0 ),
Qyy1 (x, ξ) = ∂xR
yy
0 F
y
0 −Ryy0 ∂xF y0 ,
Qyzz¯1 (x, ξ) = ∂xR
yzz¯
0 F
y
0 −Ryy0 ∂xF zz¯0 + i(Ryzz00 F z¯z¯00 −Ryzz¯00 F z¯z00 +Ryz¯z00 F zz¯00
−Ryz¯z¯00 F zz00 +Ryzz0 F z¯z¯0 −Ryzz¯0 F z¯z0 +Ryz¯z0 F zz¯0 −Ryz¯z¯0 F zz0 ),
Qz0z0 z¯0z¯01 (x, ξ) = ∂xR
z0z0z¯0z¯0
0 F
y
0 + i(−Rz0z0z¯0z¯0 F z¯0z0 +Rz0z¯0z¯0z0 F z0z¯0 ).
For convenience, we only show part of representative terms.
Due to
Q̂z00 (0, ξ) = Q̂
z0
1 (0, ξ) +
1
2!
Q̂z02 (0, ξ) + ...+
1
n!
Q̂z0n (0, ξ) + ...,
consider the term
Qz01 (x, ξ) = −
n∑
j=1
(∑
k
R̂
yjz0
0 (k, ξ)e
i〈k,x〉)(∂xj
∑
l
F̂ x0 (l, ξ)e
i〈l,x〉
)
(7.26)
= −
n∑
j=1
∑
k,l
ljR̂
yjz0
0 (k, ξ)F̂
x
0 (l, ξ)e
i〈k+l,x〉

= −
n∑
j=1
∑
k,l
ljR̂
yjz0
0 (k, ξ)R̂
x
0(l, ξ)
1
〈l, ω0〉e
i〈k+l,x〉
 .
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Let
V3 =
{
x|x1 = (0, ...− 1, ...0, ...0, 0, ...)T , x2 = (0, ...1, ...0, ...0, ...)T ,
x3 = (0, ...− 1, ...1, ...1, 0, ...)T , x4 = (0, ...− 1, ...2, ...0, ...)T ,
x5 = (0, ...0, ...1, ...0, ...)
T , x6 = (0, ...1, ...− 1, ...− 1, 0, ...)T ,
x7 = (0, ...1, ...− 2, ...0, ...)T , x8 = (0, ...0, ...− 1, ...0, ...)T
}
,
V4 =
{
y|y1 = (0, ...− 1, ...1, ...0, ...)T , y2 = (0, ...1, ...− 1, ...0, ...)T ,
y3 = (0, ...1, ...1, ...0, ...)
T , y4 = (0, ...− 1, ...− 1, ...0, ...)T ,
y5 = (0, ...0, ...2, ...0, ...)
T , y6 = (0, ...0, ...− 2, ...0, ...)T ,
y7 = (0, ...− 1, ...− 1, ...1, ...1, ...)T , y8 = (0, ...1, ...1, ...− 1, ...− 1...)T ,
y9 = (0, ...− 1, ...− 1, ...2, ...)T , y10 = (0, ...1, ...1, ...− 2, ...)T ,
y11 = (0, ...− 1, ...1, ...0, ...)T , y12 = (0, ...1, ...− 1, ...0, ...)T ,
y13 = (0, ...− 2, ...2, ...0, ...)T , y14 = (0, ...2, ...− 2, ...0, ...)T
}
,
where the nonzero elements are at any positions.
It is easy to verify that if and only if k ∈ V3,
R̂
yjz0
0 (k, ξ) 6= 0,
and if and only if l ∈ V4,
R̂x0 (l, ξ) 6= 0.
In order to estimate (7.26), the equation
k + l = 0, k ∈ V3, l ∈ V4;(7.27)
should be solved. That is, if (7.27) has a solution, let v0 = (1, 1, ...1)
T , then (k + l)T v0 = 0. But for
any k ∈ V3,
k · v0 = ±1,
and for any l ∈ V4,
l · v0 = 0 or ± 2.
Clearly, (7.27) is unsolved.
Hence
Q̂z01 (0, ξ) = 0.
Moreover, due to
Q2 = {Q1, F0} = {Qlow1 , F0}+ {Qhigh1 , F0},
one has
Qz02 (x, ξ) = {Qlow1 , F0}z0(x, ξ) + {Qhigh1 , F0}z0(x, ξ)
= ∂xQ
z0
1 F
y
0 − ∂xF z00 Qy1 −Qyz01 ∂xF x0 + i(2Qz0z01 F z¯00 − 2Qz¯01 F z0z00 +Qz01 F z0z¯00
−Qz0z¯01 F z00 +Qz0z1 F z¯0 −Qz¯1F z0z0 +Qz1F z0z¯0 −Qz0z¯1 F z0 ).
54 YUAN WU AND XIAOPING YUAN
Since
(∂xQ
z0
1 F
y
0 − ∂xF z00 Qy1)(x, ξ)
= −
n∑
j=1
 ∑
k,l,m6=0
mjR̂
yjz0
0 (k, ξ)R̂
x
0 (l, ξ)R̂
y
0(m,ξ))
1
〈l, ω0〉 ·
1
〈m,ω0〉
+(
∑
k,l,m6=0
ljR̂
z0
0 (k, ξ)R̂
yyj
0 (l, ξ)R̂
x
0(m, ξ)
1
〈k, ω0〉 ·
1
〈m,ω0〉
−i(
∑
k,l,m6=0
kjR̂
z0
0 (k, ξ)R̂
yz0
0 (l, ξ)R̂
z¯0
0 (m,ξ)
1
〈k, ω0〉 ·
1
〈m,ω0〉
+
∑
k,l,m6=0
kjR̂
z0
0 (k, ξ)R̂
yz¯0
0 (l, ξ)R̂
z0
0 (m, ξ)
1
〈k, ω0〉 ·
1
〈m,ω0〉
−
∑
k,l,m6=0
kjR̂
z0
0 (k, ξ)R̂
yz
0 (l, ξ)R̂
z¯
0(m, ξ)
1
〈k, ω0〉 ·
1
〈m,ω0〉+ Ω̂j0
+
∑
k,l,m6=0
kjR̂
z0
0 (k, ξ)R̂
yz¯
0 (l, ξ)R̂
z
0(m, ξ)
1
〈k, ω0〉 ·
1
〈m,ω0〉 − Ω̂j0
)
 ei〈k+l+m,x〉,
we thus have
̂(∂xQ
z0
1 F
y
0 − ∂xF z00 Qy1)(0, ξ) = 0.
In fact, the equations
k + l +m = 0, k, l, m ∈ V3(7.28)
and
k + l +m = 0, k ∈ V3, l,m ∈ V4(7.29)
are unsolved. If (7.28) and (7.29) have a solution, let v0 = (1, 1, ...1)
T , then (k + l +m)T v0 = 0. But
for any k, l,m ∈ V3,
k · v0 = ±1,
and for any l ∈ V4,
l · v0 = 0 or ± 2.
Clearly, (7.28) and (7.29) are unsolved.
Similarly, one has
̂(Qz0z01 F
z¯0
0 −Qz¯01 F z0z00 )(0, ξ) = 0,
̂(Qz01 F
z0z¯0
0 −Qz0z¯01 F z00 )(0, ξ) = 0,
̂(Qz0z1 F
z¯
0 −Qz¯1F z0z0 )(0, ξ) = 0,
̂(Qz1F
z0z¯
0 −Qz0z¯1 F z0 )(0, ξ) = 0.
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Moreover, due to
Qyz01 ∂xF
x
0 (x, ξ)
= (∂xR
yz0
0 F
y
0 −Ryy0 ∂xF z00 + i(Ryz0z00 F z¯00 +Ryz00 F z0z¯00 −Ryz0z¯00 F z00 −Ryz¯00 F z0z00
+Ryz0z0 F
z¯
0 +R
yz
0 F
z0z¯
0 −Ryz0z¯0 F z0 −Ryz¯0 F z0z0 ))∂xF x0
=
n∑
j=1
∑
j,k,l 6=0
(mj(R̂
yz0
0 (k, ξ)R̂
yj
0 (l, ξ)R̂
x
0 (m,ξ)
1
〈l, ω0〉
1
〈m,ω0〉
−R̂z00 (k, ξ)R̂yy0 (l, ξ)R̂x0 (m,ξ)
1
〈k, ω0〉
1
〈m,ω0〉 )e
i〈k+l+m,x〉
+
√−1mj((R̂z¯00 (k, ξ)R̂yz0z00 (l, ξ)R̂x0 (m,ξ)
1
〈k, ω0〉
1
〈m,ω0〉
+R̂yz00 (k, ξ)R̂
z0z¯0
0 (l, ξ)R̂
x
0 (m,ξ)
1
〈l, ω0
1
〈m,ω0〉
−R̂z00 (k, ξ)R̂yz0z¯00 (l, ξ)R̂x0 (m,ξ)
1
〈k, ω0〉
1
〈m,ω0〉
−R̂yz¯00 (k, ξ)R̂z0z00 (l, ξ)R̂x0 (m,ξ)
1
〈l, ω0 + 2Ω̂00
1
〈m,ω0〉 )e
i〈k+l+m,x〉
+(R̂z¯0(k, ξ)R̂
yz0z
0 (l, ξ)R̂
x
0(m, ξ)
1
〈m,ω0〉
1
〈k, ω0〉 − Ω̂j0
+R̂yz0 (k, ξ)R̂
z0z¯
0 (l, ξ)R̂
x
0 (m,ξ)
1
〈m,ω0〉
−R̂z0(k, ξ)R̂yz0z¯0 (l, ξ)R̂x0 (m,ξ)
1
〈m,ω0〉
1
〈k, ω0〉+ Ω̂j0
−R̂yz¯0 (k, ξ)R̂z0z0 (l, ξ)R̂x0 (m,ξ)
1
〈m,ω0〉 )e
i〈k+l+m,x〉)),
one obtains
̂(Qyz01 ∂xF
x
0 )(0, ξ) = 0.
In fact, the equation
k + l +m = 0, k ∈ V3, l,m ∈ V4(7.30)
is unsolved. If (7.30) has a solution, let v0 = (1, 1, ...1)
T , then (k+ l+m)T v0 = 0. But for any k ∈ V3,
k · v0 = ±1,
and for any l,m ∈ V4,
(l +m) · v0 = 0 or ± 2.
Clearly, (7.30) is unsolved.
Hence, we obtain
Q̂z02 (0, ξ) = 0.
Let
S3 =
{
R̂yz00 (k, ξ), R̂
yz¯0
0 (k, ξ)R̂
yz
0 (k, ξ), R̂
yz¯
0 (k, ξ),
R̂z¯0zz0 (k, ξ), R̂
z¯zz
0 (k, ξ), R̂
z0zz¯
0 (k, ξ), R̂
z¯0zz¯
0 (k, ξ),
R̂z0z¯z¯0 (k, ξ), R̂
zz¯z¯
0 (k, ξ), R̂
z¯0z0z0
0 (k, ξ), R̂
z¯z0z0
0 (k, ξ),
R̂z0z0z¯00 (k, ξ), R̂
z¯0z0 z¯0
0 (k, ξ), R̂
z0z¯0z¯0
0 (k, ξ), R̂
zz¯0z¯0
0 (k, ξ)
}
.
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Moreover, when |k| is even, all elements S3 are equal to 0.
And let
S4 =
{
R̂
yiyj
0 (k, ξ), R̂
yjz0z0
0 (k, ξ),
̂
R
yjz0z¯0
0 (k, ξ),
̂
R
yj z¯0z¯0
0 (k, ξ),
R̂
ylzizj
0 (k, ξ),
̂
R
ylziz¯j
0 (k, ξ),
̂
R
ylz¯iz¯j
0 (k, ξ), R̂
ylz0zj
0 (k, ξ),
̂
R
ylz0z¯j
0 (k, ξ),
̂
R
ylz¯0zj
0 (k, ξ),
̂
R
ylz¯0z¯j
0 (k, ξ),
̂
R
zizj z¯k z¯l
0 (k, ξ)
}
Moreover, when |k| is odd, all elements S4 are equal to 0.
Here we can let R̂yz0 (k, ξ) represents all the elements in S3 and R̂
yy
0 (k, ξ) represents all the elements
in S4.
Analogously, the coefficients of Qn can be written into the form as follows:
Qyzn (x, ξ) = a1(ξ, t)R
yz
0 F
y
0 · · · F y0 + a2(ξ, t)F z0Ryy0 F y0 · · · F y0
=
∑
k,l,...,m are not all zero
a1(ξ, t)R̂
yz
0 (k, ξ)R̂
y
0(l, ξ) · · · R̂y0(m, ξ)ei〈k+l+...+m,x〉
+
∑
k,l,...,m are not all zero
a2(ξ, t)R̂z0(k, ξ)R̂
yy
0 (l, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
Qyyn (x, ξ) = b1(ξ, t)R
yz
0 F
z
0 F
y
0 · · · F y0 + b2(ξ, t)Ryy0 F y0 · · · F y0
=
∑
k,l,...,m are not all zero
b1(ξ, t)R̂
yz
0 (k, ξ)R̂
z
0(l, ξ)R̂
y
0(r, ξ) · · · R̂y0(m, ξ)ei〈k+l+...+m,x〉
+
∑
k,l,...,m are not all zero
b2(ξ, t)R̂
yy
0 (k, ξ)R̂
y
0(l, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
Qyzzn (x, ξ) = c1(ξ, t)R
yz
0 F
z
0 F
y
0 · · · F y0 + c2(ξ, t)Ryy0 F y0 · · · F y0
=
∑
k,l,...,m are not all zero
c1(ξ, t)R̂
yz
0 (k, ξ)R̂
z
0(l, ξ)R̂
y
0(r, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
+
∑
k,l,...,m are not all zero
c2(ξ, t)R̂
yy
0 (k, ξ)R̂
y
0(l, ξ) · · · R̂y0(m, ξ)ei〈k+l+...+m,x〉
Qzzn (x, ξ) = d1(ξ, t)Q
yz
n−1F
z
0 · · · F y0 + d2(ξ, t)F z0 F z0Ryy0 F y0 · · · F y0
=
∑
k,l,...,m are not all zero
d1(ξ, t)R̂
yz
0 (k, ξ)R̂
z
0(l, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
+
∑
k,l,...,m are not all zero
d2(ξ, t)R̂z0(k, ξ)R̂
z
0(l, ξ)R̂
yy
0 (r, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
Qzn(x, ξ) = e1(ξ, t)Q
yz
n−1F
x
0 · · · F y0 + e2(ξ, t)F z0Ryy0 F y0 · · · F y0
=
∑
k,l,...,m are not all zero
e1(ξ, t)R̂
yz
0 (k, ξ)R̂
x
0 (l, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
+
∑
k,l,...,m are not all zero
e2(ξ, t)R̂z0(k, ξ)R̂
z
0(k, ξ)R̂
yy
0 (l, ξ) · · · R̂y0(m, ξ)ei〈k+l+...+m,x〉
+
∑
k,l,...,m are not all zero
e3(ξ, t)R̂z0(k, ξ)R̂
z
0(k, ξ)R̂
z
0(r, ξ) · · · R̂y0(m,ξ)ei〈k+l+...+m,x〉
Note that
Qn+1 = {Qn, F0} = {Qlown , F0}+ {Qhighn , F0}.
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It follows that
Qz0n+1(x, ξ) = {Qlown , F0}z0(x, ξ) + {Qhighn , F0}z0(x, ξ)
= ∂xQ
z0
n F
y
0 − ∂xF z00 Qyn + i(2Qz0z0n F z¯00 − 2Qz¯0n F z0z00 +Qz0n F z0z¯00 −Qz0z¯0n F z00
+Qz0zn F
z¯
0 −Qz¯nF z0z0 +QznF z0z¯0 −Qz0z¯n F z0 )−Qyz0n ∂xF x0 .
Due to
(∂xQ
z0
n F
y
0 − ∂xF z0n Qy1)(x, ξ)
=
∑
k,l,...,m,n are not all zero
(
f1(ξ, t)R̂
yz
0 (k, ξ)R̂
x
0(l, ξ) · · · R̂y0(m, ξ)R̂y0(n, ξ)
+f2(ξ, t)R̂z0(k, ξ)R̂
yy
0 (l, ξ) · · · R̂y0(m,ξ)R̂y0(n, ξ)
+f3(ξ, t)R̂z0(k, ξ)R̂
yz
0 (k, ξ)R̂
z
0(r, ξ) · · · R̂y0(m, ξ)R̂y0(n, ξ)
)
ei〈k+l+...+m+n,x〉,
the equations
k + l + ...+ n = 0,
for any k ∈ V3, l, ...m, n ∈ V4 and
k + l + r + t...+ n = 0,
for any k, l, r ∈ V3, t, ...m, n ∈ V4 are unsolvable. Thus,
̂(∂xQ
z0
n F
y
0 − ∂xF z0n Qy1)(0, ξ) = 0.
Similarly, one obtains
̂(Qz0z0n F
z¯0
0 −Qz¯0n F z0z00 )(0, ξ) = 0,
̂(Qz0n F
z0z¯0
0 −Qz0z¯0n F z00 )(0, ξ) = 0,
̂(Qz0zn F z¯0 −Qz¯nF z0z0 )(0, ξ) = 0,
̂(QznF
z0z¯
0 −Qz0z¯n F z0 )(0, ξ) = 0,
̂(Qyz0n ∂xF x0 )(0, ξ) = 0.
Hence
Q̂z00 (0, ξ) = 0.

Lemma 7.6. R̂z01 (0, ξ) = 0.
Proof. Combining Lemma 7.4 and Lemma 7.5, we have
R̂z01 (0, ξ) = P̂
z0
0 (0, ξ) + Q̂
z0
0 (0, ξ) = 0.(7.31)

For the iterative process, since
N2 = N1 + N̂1, R2 =
∫ 1
0
{(1− t)N̂1 + tR1, F1} ◦XtF1dt,
and the Possion bracket keep the form, it is easy to check that R2 has the same form with R1. Thus
we can also obtain
R̂z02 (0, ξ) = 0, R̂
z¯0
2 (0, ξ) = 0.
Inductively, for any n, one has
R̂z0n (0, ξ) = 0, R̂
z¯0
n (0, ξ) = 0.
Finally, by using the Theorem 1.1, we have
H∞(x, y, z
∗, z¯∗, ξ) = lim
m→∞
Hm(x, y, z
∗, z¯∗, ξ) = N∞(y, z
∗, z¯∗, ξ) +R∞(x, y, z
∗, z¯∗, ξ),
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where
N∞(y, z
∗, z¯∗, ξ) = N̂x∞(ξ) + 〈ω∞(ξ), y〉+ 〈Ω∞(ξ)z, z¯〉
+〈N̂z0z0∞ (ξ)z0, z0〉+ 〈N̂z0 z¯0∞ (ξ)z0, z¯0〉+ 〈N̂ z¯0z¯0∞ (ξ)z¯0, z¯0〉,
and
R∞(x, y, z
∗, z¯∗, ξ) =
∑
α∈Nn,β,γ∈NN,2|α|+|β|+|γ|≥3
̂Rαβγ∞ (k, ξ)e
i〈k,x〉yα{z∗}β{z¯∗}γ .
Therefore, it is easy to verify that
T n0 = Tn × {y = 0} × {z∗ = 0} × {z¯∗ = 0}
is an embedding torus with frequency ω(ξ) ∈ ω(Πγ) of the Hamiltonian H∞(x, y, z∗, z¯∗, ξ). We finish
the proof of the existence of KAM torus.
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